CHAPTER

Infinite Series

9.1 Concepts Review
1. asequence

2. lim a, exists (finite sense)
N—oo

3. bounded above
4. -1;1

Problem Set 9.1

1 a—la—ga—ga—ia—i
AT T e BTy M T T
. n . 1 1
lim = lim ==
now3n-1 n—>003—% 3
converges
2. & Ea—§a—Ea ga—E
1=5% 3,3 g M T BT
2
lim 3142 _ i 20 g
n—ow N+1 n—>ool+%
converges
6 18 38
3. a :—:Z,a :_:Z,a =
173 27 g 3717
66 22 102 34
a4:—:—, = — =
27 9 39 13
2
_4ny2 At
lim = lim =4
n—on? +3n-1 naool+%—i2
n
converges
4 a—5a—Ea—§a—@a5—z
CoATRR TR T T 9
_3n242 . 3n+2
lim = lim = 0]

nowo 2n-1 _n—>oo 2—% '

diverges
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0, 26, 83 124 215
192 BT84 125" 216

. +3n . n®+3n2+3n
lim———m——= lim ———
n—o0 (n +]_)3 n—o0 n3 2

+3n“ +3n+1

. . 1 . .
lim —— = lim —— =1, but since it alternates
nowon+2 n—>ool+%

between positive and negative, the sequence
diverges.

8. ay=-1a —ga __§a —ﬂ __E
. 82 =58 5 7,35 9
-1 forn odd
cos(nm) =
1 forneven
lim n = lim ! =1, but since cos(n )
n—w 2n-1 n—>002—% 2

alternates between 1 and -1, the sequence
diverges.
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9. alz—l,aZ:%,a3:—1 a == axs:—1 14, a1:%+\/§:1.9821,a2:%+3:3.0625,

3Ty 5
1 cos(nm) 1 1 1
cos(nz)=(-1)",s0 — =< —" <=, a3 =—+3J3~5.2118,a4 =——+9~9.0039,
(n7)=(-1) S — — < 3 =gp T3 4~ 256
. 1 .1 1
lim —== lim ==0, so by the Squeeze as :M+9\/§z15.589

n->ow N nowoi

Theorem, the sequence converges to 0. 1\ 1
(Zj converges to 0 since -1< 2 <1

10. a =e sin1~0.3096,a, = e 2sin2~0.1231,
ag =€ 3sin3~0.0070, a4 = e *sin4 ~ -0.0139,
as = e > sin5 ~ —0.0065

32 2 (\@)n diverges since /3 ~1.732>1.

Thus, the sum diverges.

-1 <sinn < 1foralln, so 15. a =2.99,a, = 2.9801, a3 ~ 2.9703,
-e™" <e"sinn<e™. a, ~ 2.9606, a5 ~ 2.9510
- _n _ - _n _
nlflo_e = nlinwe =0, so by the Squeeze (0.99)" converges to 0 since —1 < 0.99 < 1, thus
Theorem, the sequence converges to 0. 2+(0.99)" converges to 2.
e? e’ L 5100
11 @y =3~2.4630,3, = -~ 6.0665, 16. a = ~03679,8) = ~1.72x10%,
€ e
6 8
_& . _& . 00 100
ag = 7 23.7311, a4 = > ~110.4059, a5 = 3;3 N 2.57><1046, a = 4e4 < 2.94><1058,
10
e 100
=—=~564.7812
%~ 39 a 25—5z5.32x1067
Consider € 00
2 2 2
lim - lim -2 * lim %€ S Consider lim ——. By Example 2 of
X—»00 X2 +3x-1 Xx->» 2X+3 xom 2 X—0 @
S . 100 100
gy using I’Hopital’s Rule twice. The sequence Section 8.2, lim X 0. Thus, lim L 0:
iverges. Xm0 o oo gh
) A converges
e e
12. q = T ~1.8473, ay = E ~ 3.4124, Inl In2
17. a ==2-0,a, = 2£ ~ 0.4901,
&6 o8 Vi V2
ag :6_4z 6.3036, ay 22—56z116444, In3 In4
a3 =—— ~0.6343,a, = —— ~ 0.6931,
~21.510 V3 ?
0 as = "5 L 07108
] 5
(TJ — >1 so the sequence diverges. 1
Consider I|m =lim 2= lim—==0b
X—00 \/_ X—>00 1 X—>00 \/_ Y
, 2Jx
T T
13. & =-_-~-0.6283 a, = - ~0.3948, using I’Hépital’s Rule. Thus, lim 100 _ 0;
S 25 N—c0 f
3 4
converges.
8 = - ~ 02481, a; = ~— ~0.1550, verg
125 625
5
T
= ~-0.0979
% 3125

n n
Cn) _(_Z ,—1<-Z<1, thus the sequence
5" 5 5

converges to 0.
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In1 Ini 20. a =22 ~1.4142 a, =41* = 2Y2 ~1.4142,
18. a =-==0,a, =—2 ~ -0.3466, p o e
V2 2 ag =66 ~1.3480,a, =88 = 23/8 ~1.2068,
Ini Inl _1ql/10 _
ag = —= ~ ~0.4485,a, = —% ~ ~0.4901, 8 =107 ~1.2589
V6 22 Consider lim (2x)1l2x. This limit is of the form
|n 1 X—>00
ar =—= ~-0.5089
5 @ 0. Let y=(2x)'2%, then Inyzziln 2x.
X
Ini -1
X—=®© ‘/7 X_)OO \/_ X—=w© E X—0 2X X—>0 2X
_ tim—Y2 _ 0 by using 'Hopital’s Rule. Thus, This limit s of the form ==
X—>0 \/; 1
ni |im'”2ﬂ_n g—limzizo
=0; converges X0 2X x>0 2  X—0 2X
n
%w\/_ lim (2x)Y/2% = lim e"Y =1
X—00 X—>00
22 ; 1/2n
19. a = (1+_] =3 ~1.7321, Thus lim (2n) =1; converges
1 n—o
3212
a2 :(“_j =2, 21, a, = ora, —1-—
2 " n+l n n+1’
3/2 312
ag = (1+z) = [EJ ~ 2.1517, lim (1—L] =1-lim 1. 1; converges
3 3 n—o n+1 n—wo N+1
. _(1+§)4/2_(§j2_2 )
4 4 2) 4 22, ay=——
\512 r\512 2
8 = 1+gj = (gj ~2.3191 Consider —. Now, lim - = [im =0
) X X—0 2 x—o 2% |n 2
Let —=h, thenas n—cc,h -0 and by I’Hopital’s Rule. Thus, lim —— =0;
/2 n—ow 2n +1
n
lim [1+—j = lim @+ )" =e by converges
n—o0 n h—0
Theorem 6.5A,; converges 23. a, =(-1)" im "

24,

2 —1 n—w 2N -1

= lim L=l , but due to (-1)", the terms of

n—w2-1
n

the sequence alternate between positive and
negative, so the sequence diverges.

1
an=1_L4=n,
n

lim n=o0; diverges
nN—oo

25 ag=— = n =L
" n2_(n-1? n2-(n®-2n+1) 2n-1'
. n . 1
lim = lim =—; converges
n—o 2n-1 n—>oo2—% 2
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n n(n+1)  n?+n 1 7 17 31

26. a. = = = : 32, y=—;a=—;83=——;P =——
"+ D-L (n+D?-1 nP+2n N
2n? -1
n2+n 1+1 a, = <2 foralln,and a, <a,,; forall
R R n . 2
lim = lim =1, converges n“+n

n—o n“ 4+2n n%oo1+ﬁ
nsince ap —a, =

, 50 {an} converges

" n%+2n
1 .1 sing . toalimitL < 2.
27. a, =nsin—; lim nsin—= lim =1 since
N n-o n nowo =
n 3. 3)(8) 2.
. sinx WBoap=—a3=|=|=|==;
lim =—= =1; converges 4 4)\9) 3
0 X 3)(8)(15) 5
a4: — - — | ==,
n2 4)\9)\16) 8
(e
X >\4)lo)lt6)\25) 5
..n . . .
lim —= lim = lim = a, >0 forall nand a,,4 <a, since
nso3" 03" N3 n->w3"(In3)?
by using I’Hdpital’s Rule twice; converges A4 =2y | 1- and 1- <1, so
2 2
(n+1) (n+1)
n ..
20. a, :2_2; {an} convergestoalimitL > 0.
n
n n n 2 . 3. 5, 41
"mz_:"mz In2: Iim2 (In2) o 34, alzl,az=§,a3=§,a4=z
n>on? now 2N n—o )
diverges a, <2 for all n since
1+l+...+i<i+i+...+ l
30. anzl_ 1 :n+1—n: 1 ; 21 nt- 20 o on+l
n n+l n(n+1) n(n+l) © 1\
< Z(—j =2
=0; converges koo\ 2
n—w N(N+1) .
the sum never reaches 2. a, < a,,4 since each
1 5 9 13 term is the previous term plus a positive quantity,
31l. a =—,d9) =—,Ay =—,ady =— ..
L= B =8 = = so {an} convergestoa limitL < 2.
a,, is positive for all n, and a4 < a, forall
n ISP n+l < @n 1 3 1(3) 7
. an—-7 3B, y=lay=l+=Q==,a3=1+=| = |=—,
n > 2 since an+1—an=—T,so{an} 2 2 2\2) 4
n 2 1(7) 15
converges to a limitL > 0. ay=1l+=-|—|==—
2\4) 8
1 1
Suppose that 1< a, <2, then E<Ean <1, so
3 1 3 .
§<1+§an <2, or §< a1 < 2. Thus, since
l<ay <2, every subsequent term is between g
and 2.
1 1
ap <2 thus Ea” <1, s0 a, <1+Ean =anh
and the sequence is nondecreasing, so {a,}
convergestoa limitL < 2.
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; 2
36. a1:2,a2:%(2+§):%, Unyg =+/3+Up >Up if 3+up >u,” or
uz—un—3<0 unz—un—3:0 when

1(3 4\ 17 117 24\ 577
A =—| —+— :—’a = —4— | =—
3 2[2 3) 12" 2(12 17) 408 (1+J_) thus U,y > Uy, if
Suppose a,, > V2, and consider

1(1_m)<un (w—) ( ~V13) <0

1[a+2j>\/§<:>a+2>2\/§<:> 2
Zla,+= o
2 &n &n and 0<u, <%(1+\/ﬁ) for all n, as shown

2 2
" +2>2J2a, < a," -2v2a,+2>0< . .
n " v~ 223 above, so {u,} is increasing. Hence, by Theorem

2
(an —\/5) >0, which is always true. Hence, D, {u,} converges.

a, >+/2 forall n. Also, _
" 39. If u= lim up, then u=+3+u or u? =3+u;

1[ 2} n—oo

a,, <a, <o-la +—|<a

" 2( " a, " u? —u-3=0 when u:%(li\/ﬁ) S0
1 1

& —=<-a,©+2<4q,
n

which is true. Hence, /2 < a,, <a, and the 1

E(1—\/E)<0.

:%(1+ \/ﬁ) ~2.3028 since u > 0 and

series converges to a limit L > V2.

37 n Un 40. If a= lim a, where a4 :l(an +ij then
1 1.73205 n>oo 2 a,
é Egigg a= %(a-l—%) or 2a2 =a®+2; a% =2 when
4 2.29672 a=12, s0 a=+/2, sincea> 0.
5 2.30146
6 2.30249 41. n Uy
7 2.30271 1 0
8 2.30276 2 1
9 2.30277 3 11
10 2.30278 4 1.11053
11 2.30278 5 1.11165
lim u, = 2.3028 6 1.11177
o 7 1.11178
38. Suppose that 0 <u, < (1+ \/—) then ™~ in ~11118 LTS
N—o0

3<3+uy <1(7+\/ﬁ) and
2 42. Since 1.1>1, 1.12 >1.1° ifa > b. Thus, since

V3<Bru, =uy,g < (7+f) (1+J_) u3=11>1=uy, uy =11 >1.1" = us.
Suppose that u, <upn,q foralln < N. Then
( (7+«/_) (1+\/_) can be seen by Unsg =129 > 1,181 = uy, since uy > Uy_g
squaring both sides of the equality and noting ?y the |_nduct|on hypothesis. Thus, p is
that both sides are positive ) Hence, since Increasing.
1.1% <2 ifand only if u, In1.1<In2;
O<u; =~/3~173<= (1+J—) 2.3028, Y1t
In2
1 Uy < il 7.3. Thus, unless u, > 7.3,
V3< Un <—(1+\/E) for all n; {u,} is bounded ni.
Sbove 2 Upyg =11 < 2. This means that {u,} is
' bounded above by 2, since u; = 0.
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43.

44,

45,

46.

47.

48.

518

k . 1 .
As n — o, —— 0; using Ax ==, an equivalent
n n
definite integral is
1.
IOS|n xdx =[-cos x]%) =—c0sl+cos0=1-cosl

~ 0.4597

k . 1 .
As n— o0, — — 0; using AXx ==, an equivalent
n n

definite integral is

t 1 -1, 4 -1 1 T
.[01+X2dX:[tan xJp =tan""1-tan o:Z
|n | _n-(+y|_|-1]_

In+1 | n+1 | [n+1 n+1’

i<‘9 is the same as l<n+1. For any given
n+1 £

£>0, choose N >1—1 then

&
n
nN>N=|—-1<e.
n+1
Forn>0| | < ¢ isthe
|n +| n2 +1 n? +1
n?+1 1 1
same as =n+=>-.
n ¢

Since n+£> n, it suffices to take n >l. So for
n £

any given ¢ >0, choose N >£, then
&

n>N=

<é&.

n“+1

Recall that every rational number can be written
as either a terminating or a repeating decimal.
Thus if the sequence 1, 1.4, 1.41, 1.414, ... has a
limit within the rational numbers, the terms of the
sequence would eventually either repeat or
terminate, which they do not since they are the
decimal approximations to ~/2, which is
irrational. Within the real numbers, the least

upper bound is V2.

Suppose that {a,} is a nondecreasing sequence,
and U is an upper bound for {a,}, so
S ={a, :n e N} is bounded above. By the

completeness property, S has a least upper bound,
which we call A. Then A < U by definition and

an < A for all n. Suppose that lim a, = A, i.e.,
nN—o0

that {a,} either does not converge, or does not
converge to A. Then there is some &> 0 such that

Section 9.1

49.

50.

51

52.

A-a, >¢ foralln,since if A—ay <¢,
A-a, <¢ for n> N since {a,} is
nondecreasing and a,, < A for all n. However, if

A-a, >¢ foralln, a, < A—§< A forall n,

which contradicts A being the least upper bound
for the set S. For the second part of Theorem D,
suppose that {a,} is a nonincreasing sequence,

and L is a lower bound for {a,}. Then {-a,} is

a nondecreasing sequence and —L is an upper
bound for {~a,}. By what was just proven,

{-a,} convergestoalimit A < -L, so {a,}
convergestoalimitB=-A > L.

If {b,} is bounded, there are numbers N and M
with N <|by|<M forall n. Then

|anN| <|anby | <|ay M.

lim |anN|:|N| lim |an|:0 and

I|m |anM|_|M| I|m |an| 0, so I|m |anb |=0
n—ow

by the Squeeze Theorem, and by Theorem C,

lim apb, =0.
n—oo

Suppose {a,, +by} converges. Then, by
Theorem A

lim[(a, +b,)—a,]1= lim (a, +by) - lim a,.
Nn—oo N—o0 N—o0
But since (a +by) —a, =b,, this would mean
that {b,} converges. Thus {a, +b,} diverges.

No. Consider a, = (-1)" and b, = (-1)"*1. Both

{an} and {b,} diverge, but
= ()" + ()" = ()" @+ (-1)) =0 s0
{a, +b,} converges.

a, +by

a. f3=2, f4=3, f5=5, f6=8,
f7 =13, f8 =21, fg =34, flO =55

b. Using the formula,
101445 146|125
1= B 2 2 5l 2

Y £1+J§J2_(1—J§]2
2= I 2 2

1 {1+2\/§+5—(1—2\/§+5)}
4
45
4
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¢n+l _ (_1)n+l¢—n—1

. f .
lim =21 — [im

1\
54, Let f(X)=|1+=] .
now fh oo gl (g™ * ( +X]
1y (™ : L
| g S = v lim (1+1] = lim (1+x)1/X =e, S0
— lim . lim — =¢ X—>0 X x—0"
now 4n_ (-1) n—o (-1
¢ T n 1- 2n i 1 '
¢ lim 1+—j =e.
n—o n

c. ¢2—¢—1=E(1+\/§)T—%(1+\/§)—1
:[Eﬂj_(gﬁ}lzo

2 2 2 2

Therefore ¢ satisfies x2—x-1=0.

Using the Quadratic Formula on

x2—x-1=0 yields

X_lix/l+4_1i\/§
o2 2

_1+\/§
/= 2

12 20-5) _1-+5

¢ 1+ 1-5 2

53.

From the figure shown, the sides of the triangle
have length n — 1 + 2x. The small right triangles

marked are 30-60-90 right triangles, so x = g ;

thus the sides of the large triangle have lengths

NE)

n—-1++/3 and B, :T(n—l+\/§)2

55.

56.

1 X
Let f(x)=(l+§j .

1 X X 1/x
lim (1+—) = lim (1+—j
X—»00 2X x—0" 2

1/2

X 2/ x
= lim (1+—) :ellz, S0
x—0* 2
n
lim (1+i) —ell2,

n—o 2n

Let f(x)=(l+i2j .

X

1
X 2 \Ux
lim (1+i2j = lim [1{3) ]
X—>00 X X—>00 X

Using the fact that lim f (x) = lim f(ij,we

X—>00 x—0" X

can write

1
2\Tx
1/x

lim [1{1} ] = lim (1+ x2) which leads
X—>00 X x—0"
to the indeterminate form 17.

2 1/x
Let y=(1+x ) . Then,

Iny = In(1+ G )UX

Iny:%In(lerz)

:ﬁ(n2+2\/§n—2n—2\/§+4) while In(l+ xz) X
4 lim Iny = lim = lim X
nin+1) (1 2 2 x=0" x—0" X x—-0" 1
=——"qa/=| ==(n°+n
A= T{z) g (" + N ~ 1im 2% 0
2 x—0" 1+ X
lim A lim g(n"+n) This gives us
FI*)OOBn nawg(n2+2\/§n_2n_2\/§+4) XILrQ+|ny=O
: 7‘(1+%) T In( lim yj:O
= lim = x—0"
“*wzﬁ(l+&—2—¥+%) NE »
nonon® o limy=e’=1 or lim (1+x2) =1
x—0" x—0"

n—o

1 n
Thus, lim [1+—2J =1.
n
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1 X
57. Let f(x)z(%J .

Using the fact that lim f (x) = lim f(ij,we
X

X—>00 x—0"

can write

1/x 1/x
C(x-1Y . (i (X
lim| —=| = lim . = lim T
x—o| X+1 x—0* ;+1 x—0" %

1—x 1/x
= lim [—J which leads to the
x—0"\ 1+ X

indeterminate form 1”.

1—x 1/x
Let y=(—} . Then,
1+x

Iny=In 1-x)"
I G

1 1—x 1/x
Iny==In| —
X 1+x

lim Iny = lim lln(l_—xj

x—0" x—0" X 1+x
In(1x
In[ lim y}: lim In(i:)
x—0" x—0" X
= lim ——  (I'Hopital's Rule)
x—0"1—X
-2

This gives us,

In[ lim y} =-2
x—0"

1/x
- _ ,2 . l_X _ 72
limy=e or lim|—| =e

x—0" x—0"

n-1Y"
Thus, lim (—j =e72,
n—ol n+1

520 Section 9.1

24x2 )
58. Let f(x):[ X J .

3+ x2

Using the fact that lim f (x) = lim f(lj,we

X—>00 x—0" X
can write
1/x
X 1
. 2+ x2 . 2+x2
lim 5| = lim T
x—0| 3+ X x—0"| 3+
X
2x%+1 1x 2 1/x
N . 2x°+1 .
= lim| =2 = lim| —; which leads
x—0" L;rl x—0"| 3x° +1

to the indeterminate form 1* .

x—0* x—0" X 3X2 +1

|n(2x§+l)

|n[ lim y}: lim >+
x—0" x—0" X

[2;’11—%} ('Hopital's Rule)

: 1, [2x%+1
limiIny=lim =In

= lim

x—0"
=0
This gives us,

In[lim y}:o
x—0"

1/x
limy=e’=1 or lim [l_—xj =1

x—0" x—0" { 14+ X
Thus,
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2+ x? g
3+x°

59. Let f(x) :[

Using the fact that lim f (x) = lim f(ij,we

X—>00 x—0" X
can write
2 1/ x?

X 1

. 2+ x2 . 2+ X2
lim 5 = lim T

X—00 3 + X X*)O*— 3 + -
X

= lim

x—0"

1/x?
2x%+1 X 2 1/x
. [ 2xt+1 .
" = lim > which
Al x=0"| 3x° +1

XZ

leads to the indeterminate form 1”.

5 ) 1 1/x?
Let y= X2+ . Then,
3x°+1

2 1/x?
2x°+1
Iny=In 5

3x“+1

. 1, [2x*+1
limIny=lim —In| ——
x—0" x—0" X 3x° +1

|n(2x2+1)
. . 3x24+1
In[ lim y}_ lim ———=

x—0" x—0" X

= lim 1 (I'Hopital's Rule)

x->0° (2x2 +1)(3x2 +1)

=-1
This gives us,

In[lim y}z—l

x—0"
1/x2
- _1 - 1_X _l
limy=e or lim|— =e
x—0" x—>0" 1+ X
Thus,

2

2 n
. 2+n 1
lim 5 =e .
n—ol 3+n

9.2 Concepts Review

1. an infinite series

2. ay+ay+...+a,

<12
1-r

w

4. diverges
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Problem Set 9.2

1 1
series with azl, r =1; -1 7.1
7 7 _1 6 6
707
0 —k-2 -3 -4 -5
S R
S\ 4 4 4 4
= (=4)% + (=4)* + (~4)° +...; a geometric series
with

a=(-4)%r=—4; |r|=4>1 so the series diverges.

© 1 k 1 1 2
3. ZZ(—) :2+2-—+2(—j +...; ageometric
=4 4 "\a
series with a = 2, r:l; S:izgzﬁ_
4 -7 23

0 k 2
23(—% =3—3-£+3(£j —...; ageometric
&5 5 \5

serieswitha=3, r = —%;

3

Thus, by Theorem B,

ORIt

5= _5
2

glo| w

k=0
o0 k 2
4. 25(1j =§+§1+§£1j +...; ageometric
S\2) 2 22 202
5 5
series with a:g,rzl; §=_2 _2_g
2 2 _1 1
2 2
k+1
“ [1j+ 3 31 3[1)2
23 = =—+——-+—| | +...5a
k=1 7 49 49 7 49\7
geometric series with a=—,r = %
3 3
g__49 _49 1
16
-7 7 1

Thus, by Theorem B,

AEORO

k=1
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k-5 4 3 2 1 12 29\ 9 99 9/9) .
5. —_—— = +0+=+=+..; . | ===t = +..;
> R ats 6 ;1(8) 53 8+8(8j +...; ageometric

=~
+

N
w

lim k=5_ lim 1__V=1¢ 0: the series series with azg, r :g;‘g >1, so the series

k—wo K +2 k—)oo1+%

diverges. diverges.

S

[ee)
lim S, = lim -1++ =1 so Z(E_L]:_l

n—o n—oo n k=2

8. z _32 which diverges since Z% diverges.
kK k=1

& kl1 2 6

9. >

— = + +
k:1:|_00k 100 10,000 1,000,000

n+1 1
—a,, 3 =——. a, >0 foralln, and for n >99, a4 >a,, so the
100 n» 4 100 n n+1 n

sequence is eventually an increasing sequence, hence lim a, # 0. The sequence can also be described by

Consider {a,}, where an,; =

Nn—oo
! i k! di
a, = , hence » —— diverges.
" 100" 100
10. z :2 2 3 . Z[__ij:(l_lj_f_(l 1)+(1_1\]+(1_l]+
k+2)k381 kalk k+2 1 3 2 4 3 5 4 6
el et s (ra) (e
n-1 n+1 n n+2
.11 2n+3 3 2n+3
2 nil n+2 2 (n+)(n+2) 2 n243n+2
2,3 "
3 2n+3 3 n' 2 3 2 3
I|mSn:——Im—:——I —3 5 =5 %0 =—
n—o 2 n—>oon +3n+2 2 n—>oo:|.+ﬁ+rT2 2 k=1(k+2)k 2

K 762 (e e (eV(e) _ _ _ )2 e
=|—| +|—| -~—+|—]| | —| +...; ageometric serieswith a=| — | ,r=—<1
T T T T T T Y

11 i[e
=i

k+1 2
12. LAl 16+16 i+16(4J +...; ageometric series with a = 16, r:£<1; Szl—:E:g
o7t 1 7 7 7 1-4 3 3
= 77
522 Section 9.2 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this
material may be reproduced, in any form or by any means, without permission in writing from the publisher.



& 3 3 3 3 3 3 3 3 )
a Z((k Y k—zJ:(I‘ZJ{Z‘EJ{@‘E]*"'

3 3 1 1 3 3 3 3 3
Sp=|3—=|+|—-——= |+ == |+...+ 7~ 7 | T~ 5
4) \4 3) (3 16 (=2 (n-1) (n-1)% n
:3—%; lim S, =3- lim %:3, S0
n nN—o n—owo n
i 3 3 |_
2\ (k=% K?
o y- 22,222, 20, 036717171 243 (1JH
S &k-5 12 3 477 S 100 10,000\ 100
& 71
= ZZE which diverges since » = diverges 36 _ 10000 _ 727
k=1 k=1 7100 1- .1 1980
100
&2 (1) 21. Lets=1 =1-s.Since0<r<2
15. 022222“.:2_(_) . Lets=1-r,sor=1-s.Since0<r<2,
110110 -1<1-r<1,so
5 2 5<% and Y r@-n¥ =3 @-s)s
11 9 k=0 k=0
10

k-1
16. 0.21212121...= Z 21( L j
=100\ 100

21 22.

100 217

1
1-1% T99 33

© 13 (1 \¥*
17. 0.013013013...22_[_j
441000 1000

13

__too0 _ 13
1
1- A 999

0 k-1
18. 0.125125125...= ZE(LJ
100011000
125
1000

1-

_ 125
1
1000
19. 0.4999...=
9

999
_ 4, 10

4 ii(_)k_l
100110
4, a0 1
2

1
10 1-3
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o0
=> (- 5)sk? sy
k=1 1-s

> DM = 3 (0K = P
k=0 k=0 k=1
if -1 <x<1then

-1<—=x<1s0 |x|<l;

k-1 1
Z() T

X) 1+x
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23. In—_ ZInk-In(k+1)
k+1
Sp=(0n1-In2)+(n2-In3)+(n3-In4)+...+(In(n-) —-Inn)+(Inn-In(n+1)) =Inl-In(n+1)=-In(n+1)

lim S, = I|m In(n+1) = —c0, thus ZlnL diverges.
nN—o0 n— k=1

2

24. |n(1—kizj =In "k2‘1: In(k? =1) = Ink® =In[(k +1)(k =1)]-Ink? = In(k +1) + In(k =1) — 2Ink
Sp=(n3+In1-2In2)+(In4+1In2-2In3)+(IN5+In3-2In4) +...
+(Inn+In(n-2)-2In(n=21)+(In(n+1) +In(n-1) —=2Inn)

=-In2+In(n+1)—Inn ——In2+|nn—Jrl
n

+1 1
lim S, =—-In2+ lim In"2 :—In2+ln( lim ”Lj:—ln2+|n1:—|n2
N—w n—oo n n—o N

2
25. The ball drops 100 feet, rebounds up 100( j feet, drops 100(3) feet, rebounds up 100@) feet, drops
22
100(5) , etc. The total distance it travels is
2 3 2 3
100+ 200 2 +200 2 +200 2 +... =-100+200+ 200 2 +200 2 +200 2 +
3 3 3 3 3 3

0 k-1
=-100+ )" 200 (3] —-100+2%% _ 500 feet
ke \3 1-2

o k-1 1
26. Eachgets +- 1+1(1 lj+...:zl(1j S S

4 4 4\4 4 o 4a\4 1—%3
(This can be seen intuitively, since the size of the leftover piece is approaching 0, and each person gets the same
amount.)
27. $1 billion + 75% of $1 billion + 75% of 75% of $1 billion + . Z ($1 billion)0. 75KL % =$4 billion
k=1
28. Z$1 billion (0.90)"‘1 = % =$10 billion

k=1
29. As the midpoints of the sides of a square are connected, a new square is formed. The new square has sides %

times the sides of the old square. Thus, the new square has area % the area of the old square. Then in the next step,

% of each new square is shaded.
o k-1 1
YT RS FEE O of ) N S
8 82 84 8 4

The area will be %
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© 1
30. 1+1(§j+1(§§j+ = Zl[gj =—2_—1; the whole square will be painted.
9 9l9) 9l9g ~9l9 g
0 k-1 3
31. §+§(l.lj+§(l.lj(l.l}rmzzi(lj __4 _4
2 a\a'a) a\aa)\aa) " =4l1e 1-175

The original does not need to be equilateral since each smaller triangle will have 2 area of the previous larger

triangle.

32. Ratio of inscribed circle to triangle is

T
I L.E(Ejk_l e)_ s
W3 533 4l4 1-1 33
(This can be seen intuitively, since every small triangle has a circle inscribed in it.)

33. a. We first note that, at each stage, the number of sides is four times the number in the previous stage and the
length of each side is one-third the length in the previous stage. Summarizing:

perimeter
Stage | # of sides Iézgth/
side (in.) Pn
0 3 9 27

1| 34 9(1) 36

4ol

n
The perimeter of the Koch snowflake is lim p, = lim 27 (ij which is infinite since 4 >1.
n—>o Nn—>c0 3 3

n | 34" 9( 1)

3

b. We note the following:
1. The area of an equilateral triangle of side s is

B
4

2. The number of new triangles added at each stage is equal to the number of sides the figure had at the
previous stage and

3. the area of each new triangle at a given stage is ?(side length at that stage)2 . Using results from part a. we

can summarize:

Additional triangles | Area of each new A .
Stage (col 2, part a.) (see col 3, part a.) Additional area, A,
. V3 (02 V3 (02
0 original 7(9 ) 7(9 )
1 3 ﬁ(sz) 36
4
2 n-2
-1 V3( 9 4
e |G | e
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Thus the area of the Koch snowflake is

iAn_mf 27[ i ()1

n=.

81f 27[[ 3}

4

:81f+£(81fj+i[81f]:§[81\/§]

4 3| 4 15\ 4 5 4

Note: By generalizing the above argument it can be shown that, no matter what the size of the original
equilateral triangle, the area of the Koch snowflake constructed from it will be % times the area of the original

triangle.
34. We note the following:

1. Each triangle contains the angles 90,6,90—-6 2. The height of each triangle will be the hypotenuse of the
succeeding triangle. Summarizing:

#triangle base height area A,
1 hcos@ hsing %hz singcos
2 hsin&cosé hsinze %hz sin36’cos€

n h(sinn_le)cosa hsin" @ %hzsinzn_lﬂcose

Thus the total area of the small triangles is A= ZAn =5 (COSHJZ( sin? 9)" !

r} sing
& 1 1
Now consider the infinite geometric series S = Z(sin2 o)t = =
n=1 1-sin“6 cos“ @
N 1 sin® 0 h?(cos@ [ sin?6 )| h?
then: > (sin“@)" " =S-1= 5——1=——— Therefore: A=— ( ]—2 =—tand
n=2 cos” @ cos- @ 2 \sin@ )| cos® @ 2

2
In AABC , height =h and base = htan @ ; thus the area of AABC = %(h tan &)h = h7tan 6 ,thesameas A.

35. Both Achilles and the tortoise will have moved.

k-1
100410 +1+ =+ 2100
10 100
= &2 = 111l yards

Also, one can see this by the following reasoning. In the time it takes the tortoise to run 0 yards, Achilles will

run d yards. Solve d :100+1d—0. d= 10;0 _1111 yards
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36. a. Say Trot and Tom start from the left, Joel
from the right. Trot and Joel run towards
each other at 30 mph. Since they are 60
miles apart they will meet in 2 hours. Trot
will have run 40 miles and Tom will have
run 20 miles, so they will be 20 miles apart.
Trot and Tom will now be approaching each
other at 30 mph, so they will meet after
2/3 hour. Trot will have run another
40/3 miles and will be 80/3 miles from the
left. Joel will have run another 20/3 miles
and will be at 100/3 miles from the left, so
they will be 20/3 miles apart. They will meet
after 2/9 hour, during which Trot will have
run 40/9 miles, etc. So Trot runs

0 k-1
40+£+£+...:z40 1 :ﬂ
3 9 3 1_%
=60 miles.

b. Tom and Joel are approaching each other at
20 mph. They are 60 miles apart, so they will
meet in 3 hours. Trot is running at 20 mph
during that entire time, so he runs 60 miles.

37. Note that:

1. If we let t,, be the probability that Peter wins
on his nth flip, then the total probability that

o0
Peter winsis T =) t,
n=1

2. The probability that neither man wins in their

k k
first k flips is (33) =(ij .
33 9

3. The probability that Peter wins on his nth flip
requires that (i) he gets a head on the nth
flip, and (ii) neither he nor Paul gets a head
on their previous n-1 flips. Thus:

oo -

Wl

38. In this case (see problem 37),

t, = p[(l— p)ZT_1 SO

T= g p[(l— F))ZTL1 _ (1__(1Fi p)z)

U'IILO
mloo

= P = 1
(2p-p%) 2-p
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39. Let X = number of rolls needed to get first 6 For
X to equal n, two things must occur:

1. Mary must get a non-6 (probability = %) on
each of her first n-1 rolls, and

2. Mary rolls a 6 (probability = %) on the nth
roll. Thus,

n-1
Pr(X =n) :(gj (%) and

nORCE=

w0 ev(x)=Snrr(x=n)=Sa (2]

451212«

o0
41. (Proof by contradiction) Assume Z cay
k=1

converges, and ¢ = 0. Then 1 is defined, so
c

z a = z cay :—ZCak would also
k=1
converge, by Theorem B(|).

11 1 1 31 1.
42, —+=+—+= —| = |==) = diverges
2 4 6 8 22( j 2kzlk g

31
since D= diverges.
k=1

43. a. The top block is supported exactly at its
center of mass. The location of the center of
mass of the top n blocks is the average of the
locations of their individual centers of mass,
so the nth block moves the center of mass

left by 1 of the location of its center of
n

mass, that is, ll or i to the left. But
n 2 2n

this is exactly how far the (n + 1)st block
underneath it is offset.

b. Smce%+£11+— :—Z , which

diverges, there is no I|m|t to how far the top
block can protrude.
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44, N =31; S31 ~4.0272 and S35 ~ 3.9950. © ©
. % 48. If ) krk converges, so will r > krk | by

0 k=1 k=1
45. (Proof by contradiction) Assume Y (ay +by) Theorem B.
k=1 o0 o0 0
5 rS=r> ke =Y ke =3 (k-1rk while
converges. Since Zbk converges, so would k=1 k=1 k=2

0

% o < o S=>kr*=r+Y kr* so
Zak = Z(ak +bk)+(—1)z by, by k=1 k=2
k=1 k=l k=1 °2 02 ‘
Theorem B(ii). S—rS=r+ Y kr=> (k=Dr
k=2 k=2
- o1 =r+ Y k=k-DIrK=r+ Y rk=3"rk
46. (Answers may vary). nz_'ian = nz—‘iﬁ and kZ:=2 kZ::Z gi

5 & 1 . i Sk
Zibn = Z(_l)ﬁ both diverge, but Since [r| <1, kZ::1r -t thus

n=1
0 © 1 & Kk r
11 S=—>r" = .
D (an +by) = Z(H_Hj converges to 0. 1-r kZ:l (1-1)?
n=1 n=1
. . . . 0 0 n-1
47. Taking vertical strips, the area is . 49, a A=ZCE’”kt=ZC[ij
1,1 .1 2 (1) = ool
LI+L 241 =4S4 = D 2
2 74 78 =2 _C _ced
Taking horizontal strips, the area is B 1_6% ekt _q
%~1+%-2+%-3+%-4+~--:21k.
12
= b, LoeM_gtk o N2 5 4.
6
2k &1t 1 o= 8
LA = — — if C=2mg, then A=— mg.
a zzk_z(zj L2 g S mg
k=1 k=1 2
b. The moment about x =0 is
> (5] -o-3 -3 -2
ko[2 o 2 a2
i_moment_g_
area 2
k
50. Using partial fractions, ol 2 X = kl - ki
@ -pE“-1) 2-1 2" -1
S_(1_1j+(1_1j++( 1 _1}{1_ 1)
"lotar 22-1) (2221 231 "tog ono1) \2h-1 2™y
1 1 1
= - =1-
2-1 2n+1_1 2n+1_1
lim S, =1- lim =1-0=1
n—o0 n—so 21 _1
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11 fup-f 1
fifiar fraafiee fofea s fifian
since fy, o = fiiq+ fi. Thus,

51.

© 1 © [ 1 1 ]
z = - and
a e U foan sz

S O S O Y O S T
"L, fofy) (fofy f3fy

fn—lfn fn fn+l

11 211 .1
fifa faafae 11 frafap fri1foi2
The terms of the Fibonacci sequence increase without bound, so
lim S, =1- lim ;:1—0:1
n—o0 n—o0 fn+1 fn+2

9.3 Concepts Review
1. bounded above
2. f(k); continuous; positive; nonincreasing
3. convergence or divergence
4. p>1

Problem Set 9.3

1 . . o, . .
1. —3 is continuous, positive, and nonincreasing
X+

on [0,) .
0 l 0
——dx=|In|x+3|| =w0-In3=w
0 x+3 |: | ”0
The series diverges.

2. %3 is continuous, positive, and nonincreasing
X_
on [2,).
0
.[OO 3 ix- §In|2x—3| coo-In1=w
2 2x-3 2 2 2
The series diverges.
3. is continuous, positive, and nonincreasing
2
X“+3
on [2,).
ijdx = Fln‘x2 +3H = oo—lln 7=
2 X2 +3 2 2 2

The series diverges.
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+ —
fn fn+1 fn+1 fn+2

is continuous, positive, and
2x°+1

nonincreasing on [1,0) .

jwidx = {itan_1 x/ix}
1

1ox% 41 V2
3(rx -1

= | Z—tant2 |<w
ﬁ(Z j

The series converges.

2 . . .
is continuous, positive, and
MX+2

nonincreasing on [1,0) .

I de:[4\/x+2]0O =w-4f3=0
T Ux+2 1

& 2 .
Thus diverges, hence

k=1\’k+2

> =2 ==y 2 also diverges.

5 is continuous, positive, and
(x+2)

nonincreasing on [100,) .

o 3 [ 3 T 3

| dx=|-———| =0+—=—"<w
100 (x + 2)2 X+2 100 102 102

The series converges.
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1000

7. is continuous, positive, and 12. is continuous, positive, and
x+2 x(In x)
nonincreasing nonincreasing on [5,0) .
on.[2,0)
w « 1000 1000 " 1000
jw ! dx = ZIn|4x+2| —oo—zlnlo—oo I5 X|nX2dX: In x =0+ In5
2 4x+2 4 ) 4 (nx) >
L 1000
The series diverges.
In5 5
X2 The series converges.
8. —~ is continuous, positive, and nonincreasing
e
o arati o wi k2p1 g _
[2,0) . Using integration by parts twice, with 13. lim = lim k5 =1#0, so the series
. k k01
u=x', i=1,2and dv=edx, Dok 45 ko e
B 0 diverges.
jz x2e Xdx =[-x%e 15 + 2_[2 xe”*dx J
=[-x%e7X]5 + 2([—xe‘x]‘§° +j2 e‘xdxj 14. Z( j =y = (—] ; a geometric series with
kI\ T AN
2,.-X —X —Xq0
=[-x“e"" -2xe™ " - 2e .
[ ) L a= E r=—; 3 <1 so the series converges.
=0+4e? +4e72+2 2 =10e7? < oo T Ton
The series converges. K
(1Y) . . . . 11
15. Z = | isageometric series with r==;|=<1
9 3 is continuous iti d k=1\ 2 212
=75 , positive, an = _
(4+3x) so the series converges.
nonincreasing on [1,00) . 1- 1
o0
" 3 6 0 Inzkl,limklzlim k 1thso
I dx =| - k:12k+1 k—o 2k +1 k—>002+1 2
L (a+3%)7"8 (4+3x)"° | k
6 the series diverges. Thus, the sum of the series
=0+——=6-76< diverges.
7176
The series converges. 1 . . - . .
16. — is continuous, positive, and nonincreasing on
2 X
10. 1000x is continuous, positive, and 17"
1+%° [1,0) . Il -Z| =0+1=1<w,, s0
nonincreasing on [2,) . x? XA
o0
2 0 1
joo 1000); iy {1000 n ‘1 ” kz—l 2 converges.
2 1+x 2 =.
000 2131 - corias wi
_ 2000, o Z—k: Z[ j ; a geometric series with
3 k=1 k=1
The series diverges. 111 .
r==;|= <1, so the series converges. Thus, the
2
11. Xe_3x is continuous, positive, and sum of the series CONverges.
nonincreasing on [1,00) .
2 2 ®
.[OO e dx=| — e3¢ | _gile
1 6 1 6
=——<®©
6e’
The series converges.
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1 k=4j+1
km .
17. sm(zj: -1 k=4j+3,
0 Kkiseven
where j is any nonnegative integer.

s'”(kzj
oz

Thus lim does not exist, hence

k—o0

lim

# 0 and the series diverges.
k—o0

20. S, = 11 + 11 +...+ Lt + 11
1 2 2 3 n-1 n n n-1

lim S, =1- Ilmi—l 0=1

n—ao n—won-1
The series converges to 1.

tan~t

21. 3

is continuous, positive, and
1+x

nonincreasing on [1,0).

Jmtan dx = { (tan‘lx)z}
! 1

1+x?
1(=n 2 1(=n 2 3n? .
==| =] ==| —| =——<o, sothe series
2\ 2 2\ 4 32
converges.
22, 5 is continuous, positive, and
1+4x

nonincreasing on [1,00) .

.[OO dx [Ztan (2x)}

1144y

:1 kid —itan‘12<oo,
2\2) 2

so the series converges.

X . . . . .
23. ~ IS continuous, positive, and nonincreasing on
e

[5,).
E= i X < J'widx =[-xe % + jooe‘xdx
k=6 ek 7 e >

=[-xe X —e*|¥ =0+5e +e =6e™

~ 0.0404
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As k—)oo,%—)O. Let yzé, then

lim ksmiz lim ismy_ I|m ny =1+0, so

k—>o0 k y-0y y—>0 Y
the series diverges.

2 _X3 . . -
x“e~" is continuous, positive, and
nonincreasing on [1,00) .

o0 3 3 «©

I e Cdx=| 2 | Z0+te oo s0
1 3 i 3

the series converges.

1
n-1
24 SN is continuous, positive, and
T X x32 ' ’
nonincreasing on [5,).
01w 1 [ 2 T 2
=) —<| ——dx=|-—| =0+—
= kvk Is ¥3/2 Jx s J5
~ 0.8944
25. 5 is continuous, positive, and nonincreasing
1+x
on [5,00).
E= < dx [tan™ x]’
k—6 1+ k2 '[5 1+
=X _tan'5~0.1974
2
26. is continuous, positive, and

X(x+1)
nonincreasing on [5,).

1 1
_zk(k+1) Js X(x+1) =g (__dex
[in[x|- In|x+]ﬂ5_{ } ~0-1n?

= In9 ~ 0.1823
5

X+1
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Al S 1 o 1
27. Z j o= fim [ dx= 32. E,= > D <| dx =

Ko Aoa’N y Nt n x(x+1)
. (A
lim l_i:|:l lim [l_ijdx:
AsolnN Al n A—swo’n X x+1
1 0.0002= n > 5000 lim ) In ( ) :o_m[Lj:
n A +1 n+1
A o
28. E,= <I —dx— lim idx: ( n j
k= n+lk3 Aot
“m[ 11 } 1 (Llj<oooozz>1+1<e°°°°2 1.0002
n
Aol 202 2A% ] 2n2
1 00002 1 50 ~"7% 0002 =000
—F < U =>N>—= .
2n? 1/0.0004
© q w 1 33. Consider dx. Letu=1Inx,
29. E = ), 2<I ——dx J x(Inx)
ken 1+ K M1+x 1
1 1 du = =dx.
= lim —dx— lim [tan A-tan” n} X
A—oovN 1+X A—>0 " 1 w 1
_ -1 ———dx=|__——duwhich converges for
—E—tan n IZ X(Inx)p .[In2up
Z—tan"'n <0.0002 = tan"*n > Z—0.0002 p>1
zZ_ ~
:>n>tan(2 0'0002) 5000 34. _t is continuous, positive, and
xInxIn(In x)
o0 - .
30. E, - z L2<J~oo iz dx = nonincreasing on [3,) .
k=n+1eK nooeX J~oo 1 dx
u=x? 3 xInxIn(Inx)
du=2xdx
1
. A = -
lim L zidu: Letu =In(Inx), du xInxdx'
A n= gl 1 1
= dx=[_ _ Zdu=[Inul?
[_lj lim {LA_LZ]:LZ I3 xIn xIn(In x) J.|n(|ﬂ3)u [inulingn3)
L = w—In(In(In3)) = o
1 1 The series diverges.
> <0.0002=n> In
2N 0.0004 35, e
~2797  .n>2 R U
3L E = ), k4 J.OO 4dx—Ilm1 Ad—u 21
kemal+k N 1+x Ao 2907 1 4 2 —
u=x2 3,5 . ]
du=2xdx =l )
~Lim [tan’lA—tan’lan:1 Z—tan’z(nz) — Y
2 Ao 212 - " "

The upper rectangles, which extend ton + 1 on

iz 2(.2
E[E_tan (n )} <0.0002 the right, have area 1+%+£+...+1. These
n

T 2(.2 -1(..2
= E—tan (n ) <0.0004 = tan (n ) >1.5703963 rectangles are above the curve y = L fromx=1
X

= n > /tan(1.5703963) ~ 50 tox =n+ 1. Thus,

jl"“id X =[In X = In(n+1) = In1=In(n +1)
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36.

37.

38.

39.

40.

11 1
<l+—+=+...+—.
2 3 n
The lower (shaded) rectangles have area

%+§+ .. +£. These rectangles lie below the
n

curve y =l fromx =1to x =n. Thus
X

11 1 ¢l
—+—+...+—<I =
n

dx=1Inn, so
1 x

1+l+1+...+1<1+ln n.
2 3 n

From Problem 35, By, is the area of the region
within the upper rectangles but above the curve

y= 1. Each time n is incremented by 1, the
X

added area is a positive amount, thus B, is

increasing.
From the inequalities in Problem 35,

0<1+%+%+...+1—In(n +1) <1l+Inn=In(h+1)
n

:1+InL
n+1

Since L<1, Inl<0, thus By, <1 for all n,
n+1 n+1
and B, is bounded by 1.

{B,} is a nondecreasing sequence that is

bounded above, thus by the Monotonic Sequence

Theorem (Theorem D of Section 9.1), lim By,
N—o0

exists. The rationality of » is a famous unsolved
problem.

n

From Problem 35, In(n+1) < Z% <1+Inn, thus

k=1
10,000,000 1
In(10,000,001) ~16.1181< >’ o
k=1

<1+In(10,000,000) ~17.1181

y+In(n+1) >20= In(n+1) > 20—y =~19.4228

= n+1> 4228 272 404,867
= n > 272,404,866

a. Eachtime nis incremented by 1, a positive
amount of area is added.
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41,

b. The leftmost rectangle has area
1- f (1) = f(1). If each shaded region to the

right of x = 2 is shifted until it is in the
leftmost rectangle, there will be no overlap
of the shaded area, since the top of each
rectangle is at the bottom of the shaded
region to the left. Thus, the total shaded area
is less than or equal to the area of the
leftmost rectangle, or B, < f(2).

c. Bypartsaandb, {B,} is a nondecreasing
sequence that is bounded above, so lim By,
nN—o0
exists.

d. Let f(x)=£, then
X

[M fdx = "L 4% = In(n+1) and
1 1 x

lim B, =y as defined in Problem 37.
n—oo

Every time n is incremented by 1, a positive
amount of area is added, thus {A,} isan

increasing sequence. Each curved region has
horizontal width 1, and can be moved into the
heavily outlined triangle without any overlap.
This can be done by shifting the nth shaded
region, which goes from (n, f(n)) to

(n+ 1, f(n + 1)), as follows:

shift (n + 1, f(n + 1)) to (2, f(2)) and (n, f(n)) to
(L, f(2)-[f(n + 1) - f(n)]).

The slope of the line forming the bottom of the
shaded region between x=nandx=n+11is

f(n+1)-f(n) B
W_ f(n+)-f(n)>0

since f is increasing.
By the Mean Value Theorem,
f(n+1) - f(n)= f'(c) forsomecin(n,n+1).
Since f is concave down, n < ¢ <n + 1 means that
f'(c) < f'(b) forall b in[1, n]. Thus, the nth
shaded region will not overlap any other shaded
region when shifted into the heavily outlined
triangle. Thus, the area of all of the shaded
regions is less than or equal to the area of the

heavily outlined triangle, so lim A, exists.
n—o0
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42. Inxis continuous, increasing, and concave down on [1,), so the conditions of Problem 41 are met.

a. See the figure in the text for Problem 41. The area under the curve fromx=1tox=nis jln Inxdx and the

{In1+ln2 . In(n—l;+|n(n)} .

area of the nth trapezoid is Inn+in(n+1)

, thus A, =.[1nlnxdx—
Using integration by parts withu =1Inx, du = 1dx, dv=dx,v=x
X

Lnlnxdx=[xlnx]f —Lndx=[xln x=x]{ =nlnn-n-(In1-1)=ninn-n+1

The sum of the areas of the n trapezoids is
Inl+|n2+ In2+|n3+ N In(n-2)+In(n-1) N In(n-)+In(n) _2In2+2In3+...+2In(n-1)+Inn
2 2 2 2 - 2

=In2+In3+.. +Inn—|n7 In(2-3-.. n)——:lnn'—ln\f

Thus, An:nlnn—n+1—(lnn!—ln«/ﬁ) :nlnn—n+1—lnn!+lnf =Inn"=Ine" +1-InnkIn/n
n n
=In(ﬂj +1+In£=1+ln (ﬂj ﬂ
e n! e/ n!

b. By Problem4l, lim A, exists, hence part a says that lim [1+In[[

o|>

N—oo nN—o

e o3 5 o
e (B B (e S

n
. . . n n . .
Since the limit exists, lim | — £:m. m cannot be 0 since lim Inx=—-o
n—w\ e ! X—0*

]
Thus, lim — 20— = lim — = 1n — L ie. the limit exists,
n—o n—oo (N . n m
(&) R ()5

n
c. From partb, n!z\/Znn(gj , thus, 15!%/307:(15) ~1.3004x 10"

The exact value is 15!=1,307,674,368,000 .

k+1
43. (Refer to fig 2 in the text). Let b, = jk ! f (x)dx ; then from fig 2, it is clear that a, >b, fork =1,2,...,n,

Therefore z a > Z by _It | F(9dx so that
k=n+1 k= n+l n+

Z a = lim Z ak>I|mJ' f(x)dx—J. f(x)dx .

k=n+1 oy _ni1
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n+l .
5. fim 2L _ im 8" _ i 28 o<1
now a;  noo(n+l)1g"  nowon+l

9.4 Concepts Review

1 0<ak <bk
The series converges.
. i
2. lim =+ N+l 5 5
ko> by 6. lim 20l _ fim > _ Jim —"
nso 8, noo(n+1)°5"  nowo(n+1)°
3. p<l;p>1;p=1 5n°
= lim
4. Ratio; Limit Comparison n—n®+5n* +10n% +10n° +5n +1
= lim S =5>1
Problem Set 94 n—ol+2 +1O +10 + % a
n
n 1 The series dlverges.
1. a.n :2—;bn =—
n“+2n+3 n
9 . Apgl o (n+1)!n100 . nt0
. ap . n 1 7. lim = lim oo = %
lim == lim ——— = lim —:1; n>wo a;  noo(n+1)%n1 noo (n+1)
now by noen?i2ns3 nowlt2 S+ S
n* . n . . +1)%°
0<l< o =|Im—9:oo since lim (—j =1
n

o - n—oo (Lﬂ) n—oo
b, diverges = Y a, diverges. n
2. by g 2.2 g The series diverges.

n=1 n=1
’ 3n+1 b 1 a (n+1)(l)n+l nal
C AT T 8. lim L= |im 8/ lim ==
n—>w 8, N> n(;)” n—w 3N
1
_a; . 3n+n® . 3+s 8
lim —= lim ————= lim =3 141
n—wob, now n3_4 n»oo]_—ni3 - lim +ﬁ:1<1
0<3<w no®
" " The series converges.
D by converges = Y a, converges
= = ! n+1)~(2n)!
n=1 n=1 9. lim n+l _ ( ) (2n)!
n—oo ap n—>oo (2n+2)|n
1
3. a; = n+1 nd+3n% +3n+1
n\/n+ ~/n +n n3l2 = lim (n+1’ = lim —————
n—>°<>(2n+2)(2n+1)n n—x 4n° +6n~ + 2n
a n3/2 1.3,3,1
lim = lim o ot Sttt
nso by noeo /13, 42 SR [ JELLINS | M | M| ey Py |
noow  4+842
n 2
. 1 _ n
=lim —=1L0<l<w The series converges.
n—o0 1+ﬁ
n+1
© 10 tim 2L _ Jim 3" +n+Dn!
D by converges = > a, converges - lim -
] ] n—o ap n—» (n+1)1(3" +n)
3" 3" int1
van+1 1 = lim n U
4. a, = 5 ‘b = 373 n—o (3" +n)(n+1) n-o>on3d"+3"+n“+n
n n 34041 1
. 3N . . n
an n3/2 2n+ onind = lim = =0<oo since lim —=0
lim == lim = lim ,|— n»on4l1+ 40 n—wo 3
n—wo b, noow n—ow n’ 33
n2
and lim — =0 which can be seen by usin
= lim \/_ 0<\/§<OO n—w 3 y g
n—o0 N .
I’Hépital’s Rule. The series converges.
an converges = Zan converges
n=1 n=1
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4n® 4+ 3n 1

11. lim ———=lim =1+0 = ph =
neseN+200  n-see1+ 200 200 L A n5-4n2+1’bn n?
The series diverges; nth—Term Test a a5 +3n3 4+i2
||m b—n: ||m 5—2_ ||m 14—n1:4.
_7_1'_7
12, lim A _ lim (n+D)1(5+n) n—wo by noon”—-4n°+1 now 3ts
now &, nowo (6+n)n! 0<4< o
2 0 0
~— 2 |im — converges = » a, converges; Limi
(n+1)(5+n) n“+6n+5 b, g ) ges; Limit
n~)00 6 +N N—o0 6 +N n=1 n=1
n+6+2 Comparison Test
= lim — N-w0>1
o 24
o _ 18 fim Bt _ i (04D +153"
The series diverges; Ratio Test " nbe a, o 3”*1(n 1)
n+3 . 1 2 1+2+2
13. a, = 2\/, =377 = lim n +2n+2: I n n —Z<1
n n—»  3n2+3 n—o 3-}-i2 3
no/2 3/2 3 n
lim 20— jim " 37" _ lim 1t =1 The series converges; Ratio Test
nowb, now b2 n—o
0<1<oo. Y b, converges = Y a, T TN 2an " 2
n=1 n=1
. . 2
converges; Limit Comparison Test lim an _ lim n_ _ lim 1 -1
n—w by, n—wonZ +n n—>ool+%
AN +1_ 1 0<1< o
14. a, = by =
n+1 n®?2 ® x
b, converges = » a, converges;
fim 20— fim L “”4”‘ “Z=1n Zi n
nowby nowo  n41 oo nl 41l Limit Comparison Test
1+l n n 1
=||m—1 L0<l<oo. 20. a, = 2= 5 ;bn:—
n—o 1+? (n+)° n“+2n+1 n
0 © o li =™ — i n2 lim 1 1
> by converges = )" a, converges; Limit nga_nl—rﬂo—n2+2n+1 nl_m—“ PR
n=1 n=1
Comparison Test 0<l<w
o0 o0
2 H H .
b5 fim Bl (n+1) nt_onZe2n+d Elbn diverges :>nZ=:1an diverges;
n—eo a, n—>°° (n+1In?  noe (n+D)n’ Limit Comparison Test
2 l.{_i_f_i
. n“+2n+1 . 273
= lim ST lim L1 gy o s ML om#l 1
o onTen o I " n(+2)(n+3) nd4sn2i6n | n?
The series converges; Ratio Test 3 9 141
. ap . n°+n . a )
o lim b lim 3 5 = lim 115,56 =1;
. a, . A n—oo n-on®+5n“+6n nHool+2+-+5
16, lim 2L _ Jim In(n+1)2 —lim In(n+1) n nt 2
n—oo dp n—oo 2n+1 Inn n—>w 2Inn 0<1l< o
Using I’Hépital’s Rule, o
In(n+1) s . D by converges = > a, converges;
lim ——~ = lim ”T” lim —— n-1 _ n-1
n—ow 2INn now & o 2(n+1) Limit Comparison Test
= lim L:1<1
nN—o0 2+ﬁ
The series converges; Ratio Test
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_ o1 n 1+1
2. A =i =t 28, tim 20t fj 28 4D _ iy =
2 oo 8y oo @5 noe3+ L
a8, ._n : _ 3
lim — = lim = lim =10<l<w 1
n—w by now n 41 n—wol+-— =—<1
n 3
& . & . The series converges; Ratio Test
> by diverges = > a, diverges; g
Efl o ) 'let 29. -1 < cosn < 1foralln,so
imit Comparison Tes
3s4+cosn35:>%s4Lssn % for all n.
’3 N fim B0l (n+1)3" n n
- 8y =—-; lim im-——— © 5 4+cosn .
3" now ay  noo 3Ny 2—3 converges = Z— converges;
n n
n+1 1+1 1 A n=1
= lim — = lim —==<1 Comparison Test
n—w 3N n—oo 3
The series converges; Ratio Test a 52N+2 o5
30. lim ™2 = lim = lim =0<1
3 n—oo an n—oo (n+1)l52n n—woN+1
24. ay =0 The series converges; Ratio Test
n+l 1
lim 201 _ jim 3 T~ lim - =0<1 31 lim 20 _ iy (DT (20)!
n;oo ap n—oo (n+1)!3 n—woN+1 n—so a, Nesoo (2n+2)!nn
The series converges; Ratio Test
’ — lim (™ lim ™
o0 n o0 n
25, a - 1 31/2; 31/2 is continuous, positive, n—>o (2n+2)(2n+1)n"  n—» 2(n+1)(2n+1)n
mn  n%2 _ (n+D)" . 1 (n+1)
and nonincreasing on [1, o). = lim = lim —
n—» 2(2n+1)n n—w| 4N+2 n

26.

217.

w0 1 2
— dx —{——} =0+2=2<w
L 312 Ix A

X
The series converges; Integral Test

Inn Inx

n="%51"%5" is continuous, pOSItIVG and
n2 X2

nonincreasing on [2,0) . Use integration by parts

withu =Inxand dv :izdx for
X

32.

. 1 _(n+1)"
= lim lim| —= =0-e=0<1
n—wdn+2 || now n

(The limits can be separated since both limits
exist.) The series converges; Ratio Test

X
Let y= [1—% iiny = xln(l—lj
X X

lim xln(l—ljz lim M

j Inxd _[_In_x} +Iwi2dx X—>0 X) xow® %
2 % X I "2 x 1/x2
0 1-1
= _In_X_l :O+In_2+1<oo = lim ( X) = lim - 1 =-1
X Xl 2 X—>® —% X—® (1_1)
X

( lim "X _ 0 by IHépital's Rule.j

X—owo X
The series converges; Integral Test

0<sin®n<1 forall n, so
2$2+sin2ns3:>12;22lforalln.
2 24sin“n 3

Thus, lim 7 * 0 and the series diverges;

n—w 2 +sin“ n
nth-Term Test

n
Thus lim y=e‘l, so lim (1—£j —e L,
X—»00 n—oo n

The series diverges; nth-Term Test
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n+1 1
33 lim 204l _ jjpy 0+ Dn!
now a;  n-so(n+1)1(4" +n)

n 1

n—co (n _|_1)(4ﬂ +n) Bl n—co (n+1)[1+n]
4"

4+ 4+ L
; 4" 4
= lim ————=0
n—o]4n+-1 40
4n 4]’1
. _n? ..n
since lim —=0, lim —=0, and
n—oo 4N n—w 4

lim 1 =0. The series converges; Ratio Test
n—w 4

i _ i (n+1)(2+n5")
n—» [2+(n+1)5"n

2n+n25" 424 n5"
25n+1 + n5n+l

34, lim

n—oo ap

= lim
n—o 2n+n
2 2 .1
+1+ +=
. n 2cn ' n 1
= lim 12 n°s ==<1

2 5
i +5+3

The series converge; Ratio Test

35. Since Zan converges, lim a, =0. Thus, there
n—o

is some positive integer N such that 0 < a,, <1

foralln > N. a, <1=> an2 <a,, thus

o0 o0 o0

> ay’ < > ap. Hence ) a,’ converges,
n=N n=N n=N
and Zanz also converges, since adding a finite

number of terms does not affect the convergence
or divergence of a series.

X |
36. Zn—n converges by Example 7, thus

n=1N

]
lim n_ 0 by the nth-Term Test.

n—w n

. a . e
37. If lim =2 =0 then there is some positive integer
n—co Dy

N such that OSZ—“<1 forall n > N. Thus, for
n

n > N, a, <b, . By the Comparison Test, since

o0 o0
D" by converges, > a, also converges. Thus,
n=N n=N

Zan converges since adding a finite number of

terms will not affect the convergence or
divergence of a series.
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38.

39.

40.

41.

! . .
If lim =2 =00 then there is some positive
n—oo Oy,

integer N such that E—” >1 forall n > N. Thus,
n

for n > N, a, >b, and by the Comparison

Test, since D b, diverges, ) a, also
n=N n=N
diverges. Thus, Zan diverges since adding a

finite number of terms will not affect the
convergence or divergence of a series.

If lim na, =1 then there is some positive
n—o0

integer N such that a, >0 forall n> N, Let

1 .4 .
by ==, so lim = lim na, =1< .
n nowo by now

o0 o0

Since )’ 1 diverges, > a, diverges by the
_n N _
n=N n=N

Limit Comparison Test.

Thus Zan diverges since adding a finite

number of terms will not affect the convergence
or divergence of a series.

Consider f(x)=x-In1+Xx), then

, 1 X
Fe=1 1+X 14X
f(0) =0-1In 1 =0, so since f(x) is increasing,
f(x) >00n (0, o), i.e.,x>In(l +x) for x > 0.
Thus, since a, is a series of positive terms,

> In(l+ay) < > ay, henceif Y a, converges,
> In(L+ay) also converges.

>0 on (0, o).

1/n

Suppose that lim (a,)" " =R where a, > 0.
n—oo

If R <1, there is some number r withR<r<1
and some positive integer N such that

‘(an)“n —R‘< r—R foralln > N. Thus,

1/n

R-r<(a,)”"-R<r-R or

1/n
)

—-r<(ap <r<1. Since a, >0,

0<(a)Y"<r and 0<a, <r" foralln > N.

o0 o0
Thus, Y a, < > r", which converges since
n=N n=N

o0
[r|<1. Thus, > a, convergesso ) a, also
n=N
converges.
If R > 1, there is some number r with1<r <R
and some positive integer N such that
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‘(an)l/"—R‘< R—r foralln > N. Thus,
r-R<(a,)Y"-R<R-r or
r<(a,)Y" <2R-r foralln > N. Hence

o0 o0
r" <a, foralln > N,so > r"< > a,, and
n=N n=N

o0 o0
since Y. r" diverges (r>1), > a, also
n=N n=N
diverges, so Zan diverges.

1 n 1/n 1
42. a.  lim(a,)Y" = lim (—j = lim —
n—>o0 n—oo| \ INN n—w NN

=0<1
The series converges.

n 1/n
b. lim (a,)Y" = lim [ n j
n—ow n—oo|\ 3n+2

n . 1 1
= lim = lim ==<1
n»oo3n+2 n—w 3+%

The series converges.

11 n 1/n
c. lim(a,)"" = lim [( —] ]
n—o noo|l\2 n

. 1 1 1
= lim [—+—) ==<l1
nowo\2 N 2

The series converges.

43. a. In(1+ ) I[n+1j In(n+1)—Inn
n n

Sp=(0In2-In)+(n3-In2)+...
+(Inn=In(n=-2))+(In(n+1) —Inn)
=—Inl+In(n+1) =In(n+1)

lim S, = I|m In(n+1) =00
N—oo n—

Since the partlal sums are unbounded, the
series diverges.

i (n+1)2
n(n+2)

Sh=(2In2-In1-1In3)+(2In3-In2-1n4)

+(2In4-In3-In5)+...

+(2Inn=In(h-1) —In(n+1))

+(2In(n+1) —Inn=In(n+2))
=In2-Inl+In(n+1)-In(n+2)

n+1

=In2+In——=
n+2

=2In(n+1)-Inn-In(n+2)

Instructor's Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this
material may be reproduced, in any form or by any means, without permission in writing from the publisher.

lim S, =In2+ lim In— In2
n—oo now N+2

Since the partial sums converge, the series
converges.

Inx
(I—) is continuous, positive, and
nx

0 Inn
nonincreasing on [2, «), thus " (ij
o\ nn

wl 1 In x
converges if and only if Iz (I—] dx
nx

converges.
Letu=Inx,so x=¢" and dx =e"du.

) o d ] oo o

This integral converges if and only if the

n

) . e .

associated series, Z(—) converges. With

n
n=1

n
ap = [Ej , the Root Test (Problem 41)
n

1/n
n
lim (ay )" = fim | [ £
gives n—o0 i n—co| \ N

—limS-0<1
n—oo N
Z(eY © (e)"
Thus, Z:‘i(ﬁj converges, so an(a] du
1

converges, whereby Z i

n=2 (Inn)
converges.

In x
is continuous, positive, and
In(In x)

nonincreasing on [3, ), thus

0 1 Inn
> ( j converges if and only if
s\ In(Inn)

Inx

o0 1

j dx converges.
(In(ln x)j

Letu=Inx,s0 x=¢e" and dx =e"du.

Inx
o 1
j3 (In(ln x)j x

w( 1\ . w( e\
_Iln3(mj € du_.ﬂns(mj du

This integral converges if and only if the
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n 2 2
@ . 12(Inn)“(@/n . 12(Inn
associated series, Z(ij converges. = JT@M= Jﬂo%
n=2
_ o _lim 24(Inn) _ lim 24(1/n)
With a, :(I_j , the Root Test (Problem n—w N n—oo
nn
.24
41) gives = n“moo7= 0
n 1/n -
lim (a,)"'" = lim ( € J diverges = diverges
n—>oo( n) n—wo| L INN . Z J Z‘é nn J
= lim 2 =0<1 2
n—e Inn f. (—) is continuous, positive, and
0 e n X
Thus, Z (—j converges, so nonincreasing on [3, « ). Using integration
n=2 by parts twice,
'[IOOS(LJU du converges, whereby Iw Inx de_ _(In x)2 w+‘[w2lnxdx
n3\l 3 X B X 3 X2
) 3
converges. 2™
Z % (In(In n))'”“ ~(Inx) J{_Zln XT +J-widx
X X Jg3 73 x2
e. a,=1/n; b, =1/(Inn)* (n? 2inx 2]
. Ay 1/n (Inn)* - = 18<w
lim — = lim = lim X X X
n—co b n—co ]_/(|n n) n—oco N ) 3
o0
3 In x
_ lim 4(In n) 1/n) _lim 4(Inn) Thus, Z[Tj converges.
n—w n-wo N n=3

44. The degree of p(n) must be at least 2 less than the degree of q(n). If p(n) and g(n) have the same degree, r, then

r-1

p(n)=c,n" +c,4n" " +...+cn+cy and

q(n)=d,n" +dr_1nr_1+...+d1n+do where ¢,,d, #0 and

C,_ Cl CO
r r-1 c +'—1+...+ T+
. C N +CqN ~+...4+4CN+C rtn roc
lim p()—|l r r-1 an*% _ i -2 0.

oo q(n)  noedn’ +dn 4 rdinedy N, +d_1+ +d1+do d,

Thus, the series diverges by the nth-Term Test. If the degree of p(n)isr and the degree of g(n) is s, then the Limit

s-r
Comparison Test with a, =%, by = 1 b =L with 0< L <o, since Z_n: n (p)(n) and
n n n—oo Op n g(n

the degrees of n*~" p(n) and q(n) are the same, similar to the previous case. Since 0 <L < «, a, and b, either
both converge or both diverge.

Ifs>r+2thens—r>2s0 Y by=> Slr <Z— Thus an, and hence Zan _z ( )) converges.
n=1  n=in n=1 n=1 n

> Z— Thus an, and hence Zan = Z p diverges.
n=1

o0
Ifs<r+2thens—r<1s0 » by = Z
n=1 n=1N

S r

540 Section 9.4 Instructor’'s Resource Manual

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this
material may be reproduced, in any form or by any means, without permission in writing from the publisher.



0
45. Let a, =i(1+i+i+...+i) and by = Then lim 21— jim (1+i+i+...+i)= 3" which
p p nP n—wo Dy now 2P 3P nP nzlnp

converges if p > 1. Thus, by the Limit Comparison Test, if z b, converges for p > 1, so does Z a,. Since

n=1 n=1
& 21 21 1 1 1 .
> by =>_— converges for p>1, Z—[1+—+—+---+—j also converges. For p < 1, since
n=1 nnP nnP 2k 3P nP
1+i+...+i>1, i(l+i+...+ij>i. Hence, since zi diverges forp < 1,
2P nP nP{ 2P nP) nP nonP

0
Zip(l+ip+ . +ipj also diverges. The series converges for p > 1 and diverges forp < 1.
n=n 2 n

2 L2
46. a. Let a, :sinz(lj and b, =i2. Then lim 21 = fim nzsinz(l)z lim (1) sinu = lim [wj =1
n

n n—wo Dy n—w n u—=0t\ u u—0* u

using the substitution u==. Since0<1< o, both > b, => = and Y a, = > sin? (—) converge.
n
n=1 n=1

2
n=1 n=1N n

in(l
a ) _nsin(=
b. Let a, :tan(ij and b, :1. Then lim —* = lim ntan(lj: lim J
n n n—oo bn n—oo n n—o COS(l)
n
l .
(U)smu

. . i . . 1 . & 21
= lim = lim (wcosuj =1 using the substitution u==. Since0 <1< o, both » b, => = and
u—0 Ccosu u—0\ u n n=i =N

Dap = tan (lj diverge.
n=1 n=1 n

c. i\/ﬁ(l—cos%)=ix/ﬁ[l—coslj[“cosﬂ:i\/ﬁ(l_coszﬁ):i\/ﬁsmz
n=1 n=1

n){1+cost | i3 1+cosi " 1+cos

L ETHR

0
< Zl\/ﬁsinz%
n=:

_Jnsin2L _
Let a, =+/nsin — and b“_n3/2'

il i1 .
! . .21 In-— . _osSInesinu . 1
lim =" = lim n%sin? = = lim 1 =1,since lim —2= lim ——=1 with u==.
n—ob, now n noo % n—o - u—0" U n

o0 o0 o0
Thus, by the Limit Comparison Test, since Z b, = Z% converges, Z Jnsin? 1 converges, and hence,
n=1 n=1N n=1 n

o0

Z Jn (1— cosl) converges by the Comparison Test.
n

n=1

Instructor's Resource Manual Section 9.4 541

© 2007 Pearson Education, Inc., Upper Saddle River, NJ. All rights reserved. This material is protected under all copyright laws as they currently exist. No portion of this
material may be reproduced, in any form or by any means, without permission in writing from the publisher.



9.5 Concepts Review ‘<_3)n+1
u 4
1. lima,=0 . ne LY T34 sothe series
n—>oo |Un| (_g)”
4
2. absolutely; conditionally converges absolutely.
3. the alternating harmonic series ® 4
8. u ——— which converges
4. rearranged Zl| nl = Z Z‘ln3/2 g
since > >1, thus Z(—l)ni converges
Problem Set 9.5 277 ] nv/n g
L 2 2 § 9 o oa absolutely.
"T3n+1'3n+1 3n+4’ oML ol 5 et w
nea| _omt_n+loLon+
lim =0.Sg ~ 0.363. The error made by S Jun| 0 92p n'flo n 2 <1 sothe
n—w 3n+1 n on
using Sg is not more than a;y ~ 0.065. series converges absolutely.
2. a Lol swasa. |u|ﬂ(1)2
. = =T =" T ’ n+l n+
" n'n her T 10, Dl e :
1 |Un| % en?
lim =—==0.Sqg ~0.76695. The error made €
e /n m+1)? 1 .
by using Sq is not more than a;y ~ 0.31623. n'flo o’ =Ez0.36788<1, so the series
converges absolutely.
11 1
3. a,= ; > » SO 2 2
In(n+1) In(n+1) In(n+2) 11. n(n+1)=n®+n>n” forall n >0, thus
8n > 8n41; 1

n(n+1)<n_2' %0 Z' n|_z

im =0.Sg ~1.137. The error made by n=1
n—e In(n+1) which converges since 2 > 1, thus
using Sg is not more than g ~ 0.417.

<1
< —_—
n(n +1) nglnz

o0
> (—1)”*1# converges absolutely.

n n n+1 nn+1)
4. a,= LIRS > S08y >an,g;
n“+1 n“+1 (n+1)“+1 | | on+l
u ) 2 . 2
: 12, Dol _ (D 2 i 2 _0<1, sothe
nI|m =0.Sg ~0.32153. The error made by |Un| 2 n+l noeon+l
—>on® +1 nt
using Sg is not more than a9 ~ 0.09901. series converges absolutely.
Inn_Inn_In(n+1) . . * © (—q)n+l
5. an :T’T > r('H_l ) IS equvalent to 13. Z(_l)nJrli :lz ( 1) which converges
n+1 n+1
n L n+l
In (n+1)" >0 or (n+1)" >1 which is true for since Z( ) converges. The series is
n>2. Sq ~—0.041. The error made by using Sq 121
is not more than a;y ~ 0.230. conditionally convergent since EZ— diverges.
n=1
6. a,= Inn. Inn In(n+1) forn > 7,50 a, >an

o0 o0 o0
n’ f Jn+1 14. ) |ug| = 2_111 =12% converges since
forn > 7. Sg ~0.17199 . The error made by using = nol5nT SNt

Sg is not more than ay ~ 0.72814 . 1.1 > 1. The series is absolutely convergent.
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15. lim —" =i¢0. Thus the sequence of 20. a, = 1 ; ! > ! , SO
n»x10n+1 10 \/nz _1 \/nz _1 \/n2+2n
partial sums does not converge; the series
diverges. an >ap,q; lim =0, hence the

n—o\n? _1

16, 1nl . n+}1 /50 A, >a. alternatlngi series converges.

10n~"+1 10(n+1)~~+1 Let b, ==, then
n
I|m+ Iim%_O.The n 1
n>10n™"+1 N—>ol0n™" +- lim 20— fim = lim —1;
. . n— bn n—w \/nZ 1 Moo -
alternating series converges.
Let &y =——— and bn:%. Then 0<1l<oo.
10n~"+1 n- _ o ©q
11 Thus, since > b, = > = diverges,
. A n 1 1 = — N

lim = lim ——— ; 0<-—<w; s0 n=2 n=2

n—o0 bn nN—0 ]_Onl 1 +1 10 10

ian:i

also diverges. The series

o0 o0
both " a, and an diverge, since z n=2 n=2n’ -1
n=1 n=1 n=1 n® converges conditionally.
diverges. The series is conditionally convergent.
n _n n+l . .
1 1 1 2l ag=——i—5—> 5 s equivalent to
17. lim =0; > is n“+1 n+1 (n+1)°+1
n—>oonlnn ninn  (n+)In(n+1) 2 L
- n“+n-1>0, which is true forn > 1, so

equivalent to (n+1)"* > n" which is true for all

n>0so a, > a1 . The alternating series a >an,q; lim

=0, hence the alternating

n—won® 41
converges 1
series converges. Let b, =—, then
Z| n| = z is continuous, n
b’ nlnn xInx a 2
lim = lim =1,0<1< . Thus, since

posmve, and nonincreasing on [2, «). nooby,  nowon? 41

Usingu=1Inx, du :ldx,
X

an = Z diverges, Z a, = Z also
1 w 1 oo 241
_[2 XInx X = anad“ - [In |U|J|n2 = oo. Thus, dlverges. The series is condltlonally convergent.
iL diverges and i(—l)nL is 29 g -Nn-l. < fim 2= -1 1.0
a2 ninn n=2 ninn C T T hoe n
conditionally convergent. The series is divergent.
18 Z| |= Z Z Z 23. cosnm=(-1)" :i(—l)’“rl so the series is
G _1n(1+f) = nn _1n3/2 D
3 ( 1)n+1 . .
which converges since > >1. The series is 12 —1 times the alternating
absolutely convergent. harmonlc series. The series is conditionally
convergent.
(n+1)* A
19. |u”+1| — 2n+1 — (n +1) .
|ug| n* 2n’
2"
lim (n+2)* _1 <1.
n—ow Zn 2
The series is absolutely convergent.
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® sin 1T 1 1 1 _ 1 )
2 4+ L Lo 28. ay=———;
24, nZ::1 " =1 ot oE g9t Since "= Iniiedn
1 1
0 n even > , SO &, > an.1;
sin 2% = 1 _ Jn+1+dn Vn+2+Jn+1 n o
2 (—1)T n odd 1 _ _
lim ————==0. The alternating series
o "” n>wJn+1++/n
Thus, Y Z( )”*1—
converges.
e | ] (2n-1)? 1
Let b, =——, then
ZI =y R
—1(2 ‘1) i B g Jn i 1 1
im 2= lim —————= lim ——==;
(2n—1) > n? forn>1, thus n—w by, n—>oan+1+«/7 n—>o0 [1+1+1 2
& 1 1
> Z 3 , Which converges since 1

25.

n=2(2n —1) n=2N
2 > 1. The series is absolutely convergent.

|sin n| <1 forall n, so

|smn|
YRR

ZW which converges

0<2<oo Thus, since Zb —Z 7

n=1

dlverges( j Z_:lan Z_:lmﬂ/, also

diverges. The series is conditionally convergent.

- ( 3)n+1 0 . il 3N+ +1 . n+1 0
. =) (- ; lim #0, so
since §>1. Thus the series is absolutely Z El( ) 2 now n2
convergent. the series diverges.
_ sin(%) 1 30. a, =sin—; forn > 2, sin=>0 and
26. nsm(—): 1 .As n—w,——0 and n n
" n " sinZ > sin S0 a, >an,y; limsinZ=0
: - ] n n+1» =
tim MK _1 5o tim nsin[ 2| =1. The series ) n+l e N
k—0 Kk N—>c0 n The alternating series converges
diverges. ! .
g We have lim - = lim —1 = lim sinn =1.
n—wo 0 n—w o n—»0 n
1 1 1
217. = ; > and e x )
Jn(n+1) " Jn(n+d) J(+)(n+2) The series Y sinZ and > Z either both
n=1 n=1
lim % =0 so the alternating series converge or both diverge. Since i . i 1
n—o ./n(n . = =
( + ) n=ln = n
converges. -
divergent, it follows that Y sinZ is divergent.
Let b, =1, then g E‘l n g
a n The series is conditionally convergent.
lim == lim = lim
n—o by, n—>oo\/ +n o= /1+ 31. Suppose ) |ap| converges. Thus, > 2|ay|
0<1< . converges, so Y (|an|+a, ) converges since
0 0 - .
Thus, since 3" by, = Zi diverges, 0<|ap|+a, <2|a,|. By the linearity of
n .
n<l  n=l convergent series, Y an = > (|a|+ay) - D_[aq|
- also diverges. converges, which is a contradiction.
Z n Z W
1
The series is conditionally convergent. 32, Let Ya, =Y (- 1)n+1 =3'b,. Ya, and

> by, both converge, but Zanbn = Z%

diverges.
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33. The positive-term series is

111 o 1
l+—+=—+—=+...= .
3 5 7 Z_:Zn—l

o0

Z t 1 Z which diverges since the
12n-1 2.-=n

harmonlc series diverges.

o0
Thus, Zﬁ diverges.
n_

n=1
The negative-term series is
o0
Ll —lzl which diverges,
2 4 6 8 25N

since the harmonic series diverges.

34. If the positive terms and negative terms both
formed convergent series then the series would
be absolutely convergent. If one series was
convergent and the other was divergent, the sum,
which is the original series, would be divergent

35. a. 1+%z1.33

b. 1+1—£~ 0.833
3 2

o
[EEN
—+

|

|

|
+
+
+
+

Q
=
w
oo

1+1—1+1 1 l+i—1zl.13
3 257 91
1111111111111111111
36 I+———+—F-F—+———F+—+—+— ———
325791141315176192123825272931
37. Written response. Consider the partial sum of the 1 1.1 1

positive terms of the series, and the partial sum of
the negative terms. If both partial sums were
bounded, the series would be absolutely
convergent. Therefore, at least one of the partial
sums must sum to o (or —oo ). If the series of
positive terms summed to « and the series of
negative terms summed to a finite number, the
original series would not be convergent (similarly
for the series of negative terms). Therefore, the
positive terms sum to oo and the negative terms
sum to —oo . We can then rearrange the terms to
make the original series sum to any value we
wish.

38. Possible answer: take several positive terms, add
one negative term, then add positive terms whose
sum is at least one greater than the negative term
previously added. Add another negative term,
then add positive terms whose sum is at least one
greater that the negative term just added.
Continue in this manner and the resulting series
will diverge.

Instructor's Resource Manual

39. Consider 1-1+=—-=+=
2 4 3 9

Itis clear that lim a, =0. Pairing successive

n—oo
terms, we obtain 1—i:n—l >0 forn>1.
n n2 n2
- 1
Let a, _n-t and b, ==. Then
n? n
_a, . n®-n
lim 2 = lim =1 0<1< .
nN—o0 bn n—o n2

Thus, since > by, = Zl diverges,

n=1 n=1
Zan = Z[l—ij also diverges.
AU
1 1 2
40. - = , SO
Jn-1 +Jn+1 n-1
1 1 .11 _ii
V2-1 V241 V3-1 341 o n-1

which diverges.

21
:22_
n:ln
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41. Note that (a, +b,)> >0 and (a, —by)2 >0 for all k. Thus, a? +2a,b, +bZ >0, or aZ +bZ > +2a.b, forallk,

o0 o0 o0
and af +bf >2|acby|. Since Y af and > b both converge, > (af +b?) also converges, and by the
k=1 k=1 k=1

Comparison Test, §2|akbk| converges. Hence, i|akbk| 22|akbk| converges, i.e., Zakbk converges

k=1 k=1 2ia k=1
absolutely.
42. ¥
|
0| 20X
-1+
sin x
j —dx gives the area of the region above the x-axis minus the area of the region below.
Note that
2k+)r(sinx  sin(x 2k+1)m sin X 2k+1)m sin(x
J~( +)n( . ( Ht)jdx: (2k+D)m dX+I( +Dr sin( +7f)dx
2kn X X+ 1T 2k X 2kn X+ 7T
J-(2k+1)n smx i (k+2)mwsinu  c(2k+2)msin x dx
2kn k+)n y ~Jokn X
by using the substltution u=x+ x, then changing the variable of integration back to x.
_[ smx J-(2k+1)n sin x 3|n(x+n) Zj(zkﬂ)n (X+ m)sin X+ xsin(X + ) dx
2kn X+ 2kn X(X+ 1)
Zj(2k+l)n XSin X+ msin X — xsmx Zj(2k+1)n 7sin X
2kn X(X + 1) 2kt X(X+m)

T 1
< = .
X(x+m) 2kn(2km+ ) (4k2+2k)n
(2k+D)m msin X < 1 J~(2k+1)n- dx — 1
2kn X(x+m)  (4k2+2K)n o 2kn 4k2 12k

Fork>0,on[2kz,(2k+1) #]0 < sinx < 1while 0<

Thus, 0<

o0
Hence, j sinx x<z+ Zi which converges.
k= 14k + 2k k= 14|(

——dx will not affect the convergence, so I —dx converges.

Adding jz msinx

sin x
43. Consider the graph of u ontheinterval [kz, (k+1) 7].
X

Note that for kn+££x£kn+5—n, 1s|sin x| while ;sl. Thus on (k +1jn, k+§jn
6 6 2 (“5) X 6 6

15 _ 15 3 |sin x|, “ J.k(|<+1)n|sm X| N ((Ifjg)n |sin x| . 15 ((::]jg)n _ 1 N

T T T ~
2(k+3)m  (2k+3)m X X X (2k+3)m 3k+3
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o [Sin X &
Hence,j | |dxzz 15.Letak= g and by =~
T X 3k +3 +3
o0 o0 o0 o0
I|m A _ I|m K__ jim L :1; 0<icc. Thus, since ) by :Z1 diverges, D a =Y 5 also
kooby  kow3k+3 kow3+2- 3 3 k1 kK k=l k=19K+3
diverges. Hence, I |dx also diverges and adding j | |dx will not affect its divergence.
. L . . LT 22 2
44, Recall that a straight line is the shortest distance between two points. Note that sin—=1 when x :§’§’E’
X
and sin~ = -1 when x_g ZE .. Thus, forn > 1, the curve y=xsinE goes from 2 , 2 to
X 3'7'11 X 4n+1 4n+1
2 = 2 . The distance between these two points is
4n+3  4n+3
2 2 V(2 2 2 \? 2
- + + =,02| ——| +2
4n+1 4n+3 4n+1 4n+3 4n+1 4n+3
2\2(4n+3)% +2(4n+1)°  2/64n2 1640420  4+16n% +16n+5
(4n+1)(4n+3) 16n% +16n+3 16n% +16n+3
The length of xsin~ on (0, 1] is greater than ZM because this sum does not even take into
X n=1 16n% +16n+3
. 2 2 2 2 . .
account the distances from ,— to , which are still shorter than the lengths
4n+3  4n+3 4n+1)+1 4(n+D)+1
along the curve.
[ an2
Let a, :M and bn :E.
16n“ +16n+3 n
16, 5
ani6n? +16n+5 . dyien+lendesn? o AR TL
Then I|m = lim = lim = lim
n—>0 bn n—>o  16n% +16n+3 N 16n° +16n+3 n—o0 16+%+ni2
=E=1;O<l<oo
6
2
Thus, since an = Z diverges, Zan = ZM also diverges.
n=1 n1 n=1 n=1 16n“ +16n+3
o0
Since the length of the graph is greater than Z a,, the length of the graph is infinite.
n=1
1 1 1 1 1 1 (1j
45 —F——F it —=|—F+—=+ -+ —
n+l n+2 2n [1+L 142 1+0 |in
n n n
This is a Riemann sum for the function f(x) = 1 from x = 1to 2 where Ax = 1 .
X n
n 2
lim > L(lj :j Lix=mn2
n— . =1 1+%\n 1 x
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9.6 Concepts Review
1. power series
2. where it converges
3. interval; endpoints

4. (-1, 1)

Problem Set 9.6

& X" (=™ x .
z = lim (=Dx™ = lim |—=|=0. Series converges for all X .
e ](n 1)' n—o n!x" n—oo|N
o yN n n+l |x|
2. Z —; p= lim = lim || ="—; convergence on (-3,3).
n— 13“ n—oo 3n+1 x" n—w|3 3

For x=3, a, =1and the series diverges.

For x=-3, a, =(-1)" and the series diverges.

Series converges on (-3,3)

X|; convergence on (—L1).

& X n-x ) ‘ X ‘
3. p=li — 1 -
2 | B (e |

1 . .
For x=1 a, = — (p-series, p=2) and the series converges.
n

D"
2

(alternating p-series, p=2) and the series converges. by the Absolute Convergence Test.

)

For x=1, a, =n and the series diverges.

For x=-1,a, =

Series converges on [—1,1]

n+1
4. an ; 0= lim (UL S = lim

; convergence on (—1,1).
n=1 n—o0 nxn n—o0

:|x

For x=-1,a, = (=1)"n and the series diverges ( lim (-<1)"n#0)
n—o0
Series converges on (—1,1)

5. This is the alternating series for problem 3; thus it converges on [—1,1] by the Absolute Convergence Test.

(5)
x| — | =[x
n+1

(Alternating Harmonic Series) and the series converges.

n+1

0
6. Z( " —,p— lim BALN lim
n=1 nN—0 (n+])x N—0

; convergence on (—1,1).

n
For x=1, an=( D
n

1 . . L
For x=-1, a, =— (Harmonic Series) and the series diverges.
n

Series converges on (—1,1]

7. Let u=x-2; then, from problem 6, the series converges when U € (—1,1] ; that is when X € (1,3].
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| n+l1
8. Z (x+ l) o) & lim x+l =0. Series converges for all X.
nﬁoo N+DIx+1D)"| noe n+l]
o0 n+l,n n+l1
(—)™'x ]x " |-,
9. - = =|x
o n(n+1) P= n—>oo|(n+1)(n+2) n(n+1)| oo| | +2 | |
o0
When x = 1, the series is Z (71)n+1 (— which converges absolutely by comparison with the series Z—
— nn-+ n
n=l1 n=1
o, il DT 1) 2n+1
When x = —1, the series is * *
nz_‘i( D n(n+ Z( D n(n +1)
0
=) ()——=(-1) Wthh converges since converges.
TR Zine
The series converges on—1 < x < 1.
w N n+l n
10. ZX—;/): im S |X| =
n—o ! n—owo((N+1)! n! n—>oo n+1
The series converges for all X.
n+l1 2n 1 2n+1 2n 1
11, Z(D . p= lim I |:11m‘xz‘;:
o @n-=1! n—>oo|(2n +1)! (2n- 1)'| n—w 2n(2n+1)
The series converges for all X.
(- l)n 2n 2n+2 X2n o0 )
12. Z 0= _ When X = 1, the series is z n“ which clearly
o ! n—oo|(2Nn+ 2)' (2n)! =1
_ ‘ 2‘ 1 _ diverges. )
n—o (2n+2)(2n+1) When x = —1, the series is Z n(-n";

n=l1

The series converges for all X. . . .
& a, = n2; lim a, # 0, thus the series diverges.

n—o0

13 Z X" = l (n +1x"M The series converges on —1 <x < 1.
an nyn n+l1 n
- (1) x X
n+1 15. 1+ZL;p= lim +
= lim |x| =X ~ n nowolN+1 N
nN—oo -
3 - . = lim |X||—|=|X]
When X = 1, the series is z n which clearly now' N+
n=1 " :
diverges. When x = 1, the series is 1+ Z (D" =, which is
0 n
_ g n.o _n n=1
When x = -1, the series is Y n(-1)";a, =; 1 added to the alternating harmonic series
_ =l multiplied by —1, which converges.
lim a, # 0, thus the series diverges. When x = —1, the series is
nN—o0
The series converges on —1 <x < 1. z( pn D D" . il which diverges
n n’ '
n=1 n=1
14. i nzxn;p - lim (n+1)2 nl The series converges on —1 <x < 1.
— nN—o0 ann
im [0
n—)oo nZ
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n+1 n

& X" X . |
16. 1+ ) —; p= lim — converges by comparison with » —.
Z,: x/ﬁ n—owo(/n+1 \/ﬁ Z=: 2
1 .
= lim |x| /_ = |x| When x = -1, the series is ZL which
n—o n+1 n— 1(n+l) -1

converges absolutely by comparison with
When x = 1, the series is 1+ Z— which

i Z =.

n=1N

. . 1
diverges since 5 <l The series converges on—1 < X < 1.
Wh — 1 th e is 1 d " 1 2~ X" n+lyn
en X =—1, the series is +Z(f) ﬁ’ 19. Z p= X im 2
n=1 n n—w (oMl oN | 0|2
1
an‘T T>J_ S0 8y > an,; and :§'5<1when72<x<2.
lim — =0, so the series converges. o on o x
n—o f g When X = 2, the series is Z D" = z D"
The series converges on —1 < x <1. n=0 n=0
which diverges.
~)"x" When x = -2, the series is
17. Z % )N & »
n(n+2) D= =2 DD = D01 which
K+ N | n=0 2 n=0 n=0
= lim (ntDHn+3) + a0 2)| diverges. The series converges on —2 <X < 2.
n—wo|(N+1)(N+ +
n2 o %) non ) n+l ,n+l1 )
_ 11m|X| :|X| 20. ZZ X'; p= lim —= lim |2X|:
n>o [n?+4n+3 n=0 n—o| 27X n—o
1 1
L d 1 = -
When x = 1 the series is 1+ Z:(fl)n —_— |2X| <1 when 2 X< 2’
! n(n+2)
which converges absolutely by comparison with When X = 5 the series is Z on ( J _ Z
n=0 n=0
the series Z 2 which diverges.
n=1
L 1 o
When X = —1, the series is When X = _E’ the series is
0
1+Z( - D" _ 1+ which © o=
S ey Enn+2) S (__j = 3" ()" which diverges.
© n=0 2 n=0
converges by comparison with Z —. ] 1 1
ol n2 The series converges on - <X< 5
The series converges on—1 < x < 1.
0 AN yn |2n+1 K o0 Xn|
21. ; 0= lim +
18. Z Z‘ n! n%| (n+Dl  nl |
o (n+ 1) v =0
. Xn+1 Xn | = lim |2X| =0.
p = lim : n—w n+1

2 4 2
n=el(n+2)”" =1 (n+1) _1| The series converges for all X.
2
. 2
n—>c 1IN 4+4n+3

When x = 1, the series is

o0 1 o0 0
= which
E(nﬂ)z—l Z::n +2n Z::n(n+2)
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0y $ [(n+Dx™ x| 26, i(x—z)”’ [(x=2)™! L (x- 2)"|
n+1 n%oo| n+2 n+1| nel n? naoo| (n+1) n? |
= lim x |”+—2”“_|x| - Jim [x-2 s <fx-205 =3 <1 when
N—® n*+2n n—o 1)
I <x<3.

When X = 1, the series is Z— which

&
1n+1 When X = 1, the series is Z( 2)
-1 N
n
diverges since lim ——=1=0.
n—oo N+1
" 0 converges absolutely since Z converges.
. n(-1 . n’
When x = —1, the series is Z ) which n=l
o N+l

n
diverges since lim ——=1=0.
n—oo N+1

The series converges on —1 <x < 1.

When X = 3, the series is Z— which
n= ln

converges. The series convergeson 1 < X < 3.

2 (x+5)" | x+5™ (x+9)"|
23, Z ~ lim ~n(n+1) ” n—>oo|(n+l)(n+2) n(n+1)|
o N n—>oo| n+1 n
= tim x+ 5 ‘ [x+5]; [x+5)<1 when
= lim |X 1| |X 1| <1 when N—0
n— —6<x<-4.
0<x<2.
@ n When x = —4, the series is Z which
_ . -1 n(n+1)
When x = 0, the series is Z n=1
n=1 n ©q
converges. converges by comparison with Z —2.
[°e] n=
When x = 2, the series is Zl which diverges. — )n
n=1 When x = -6, the series is Z " which
The series converges on 0 < X <2. n(n+1)
1
converges absolutely since
2, 302" (x+2™ (x+2)"| & Y Z n(n+1)
o N ”_>°°| (n+D! n! converges.
The series converges on —6 < X < —4.
= lim |X + 2| =
N—o0 | 3 n+1
The series converges for all X. 28. Z( 1)”“ n(x+3)"; p= lim (+Dx+3)
n=1 n—o| n(x+3)"
0 n+l1
(x+1) |(x+l) (x+1) |
25. Z=: naoo| p o nlixgo|x+3| =|x+3|; [x+3| <1when
4 <x<-2.

[x+1] [x+1] [x+1]

lim = ; <1 when ©
n—>°°| 2 | | 2 | | 2 | When X = -2, the series is Z(fl)nﬂn which
-3<x<1.

00 n 00

When x = -3, the series is Z % = z D"

n=0 2 n=0
which diverges.

[ee] n e8]
When x = 1, the series is Z = Z 1 which

n=02 n=0

diverges.
The series converges on —3 <X < 1.

29.

n=l1

diverges since lim n= 0.
nN—o0

When X = —4, the series is

0 o0

> D)™nEn" = > —n, which diverges.
n=1 n=1
The series converges on —4 <X <-2.

If for some X, lim & # 0, then Z X could

n—oo N!
not converge.
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30. For any number K, since 32. Using the Absolute Ratio Test,
_ —n+ _ _

konskmnsl<... sk=2<k-l<k R TCLE I

|(k=1)(k —2)...(k —=m)| < k", thus '

nel(+D)P ()P
n+l1
tim [KEDE =2 k=) ol iy (K7 50 i | Cen+ p)(Pn+ p=1)...(pn + P (p-1))|
n—o n! n—ow| n! m | | p
n— (n+1)
| | k" n 1 2 p-1
k| lim —X . Since -1 <x<1, lim x =0, = lim |x ( __j( __j -
n—o| Nl N—>0 el P n+l1 P n+l1 P n+1
" -Jp?
and by Problem 21, lim — =0, hence
n—eo| N: The radius of convergence is p~ P .
i k(k-1)(k—-2)...(k—n) n_p
nl_r:go n! x =0 33. This is a geometric series, so it converges for
|x—3|<1,2 <x<4. For these values of X, the
31. The Absolute Ratio Test gives 1 1
2n+3 2n+l series convergesto ———=——.
p= lim | (e L™ | B0 T (x23)  4—x
n%|1 3.5..2n+1) 1-3-5--(2n— 1)|
0
5 ) 34. Z a,(x—3)" converges on an interval of the
. 2| n+1 X X =0
:hmx‘ =|—/; |[—] <1 when n
n—>o0 2n+1 2 2 form (3 —a, 3 + a), where a > 0. If the series

converges at X=—1,then3—a < —1,ora > 4,
since X =—1 could be an endpoint where the

The radius of convergence is \/E . series converges. Ifa > 4,then3 +a > 7 so the
series will converge at X = 6. The series may not
converge at X = 7, since X = 7 may be an endpoint
of the convergence intervals, where the series
might or might not converge.

|x|<\/§

% a o lim | GxeD™  Gxe)|

n—)oo|(n+]) 2n+1 N n.2n | n—)oo|3x+1|

‘=l|3x+l|; l|3x+1|<1 when 71<x<l.
+2| 2 2 3

When x = —1, the series is Z C ) Z( " —, which converges.
n=1 N- n

Co . 1
When x =—, the series is Z = z , which diverges. The series converges on —1 < X < —.
3 nmn-2" 5o n’ 3

Clep™ex-3™ cyex-3)| N
b. = 11m|( + lim |2x -3 =—[2x-3|;
P UL 4"Jn | naoo| | 4Jn+1 4| |

l|2X—3|<1 when fl<x<z.
2 2

When x = 75 the series is Z( " (_4) Z which diverges since % <1.

1 1 1 1
When X— (- 1)n =—;—=>——, SO 8, > an.1;
2’ = Z NN N RN noon
lim —==0, so Z( 1)" — converges. The series converges on 1 <X< 1
n—sa [ = I 2 2
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36. From Problem 52 of Section 9.1,

" (Hﬁ]n‘[lﬁ]n S | (NG (O

52 2 25
Xn+1 n+l1 n+1 X" n n
= lim |———| (1++/5 —1-+/5 + 1+v5) —(1-+/5
p= fim | (1) (1 5)" o2 1) (15|
e P [ )
= lim E - - - lim E 1++/5 -
TN RN I (=5)
| (1445 -(1-45) (=5
:1+\/§X;—1+\/§X<1when— 2 <X< 2 .
2 1+/5 1++/5
n
Note that lim 1-v5 =0 since 1_\/g<1.
n—oo 1+\/§ 1 J§
2
R= ~0.618
1++/5
37. If a3 =@y, then ay =a3 =ag = a3y, 8 =84 =a; = &34, and ay = a5 =ag = &, - Thus,
o0
> anx" =ag +ax+ayx® +agx> +ax’ +ax’ +o = (@ +ax+ax)(1+x +x8 4
n=0
o0 o0
= (g +ax+ax”) Y. X" =(ay +ax+ax*) Y. ().
n=0 n=0

g+ X+a x* isa polynomial, which will converge for all x.

o0
Z (x3)n is a geometric series which, converges for ‘X3‘ <1, or, equivalently, |X| <.
n=0

2
+ayX+arX
)= 20 FAXT B oyt

Since Y. (x*)" :% for |x| <1, S(x
n=0 1

38. If ay =an,p,then ag=ap =, =anp, & =ap,; =api1 = 8np41» etc. Thus,

o0
> anx" =a, +alx+---+ap_1x'°‘l +agxP +a;xP*! +~--+ap_1x2'°‘l

n=0

4.

o0
=(ay +alx+---+a|0,1x'°’1)(1+xp +X2P 4y =(ay +a1x+---+ap_1xp‘1)z x"P
n=0

Qg +a X+ +ap X P1isa polynomial, which will converge for all x.

o0 o0
> x™ =" (xP)" is a geometric series which converges for ‘X p‘ <1, or, equivalently, |X|<1.

n=0 n=0
Since Y (xP)" = U for x| <1, S(x)z(a0+alx+---+ap_1xp1)(Lj for |x| <1.
=0 1-xP 1-xP
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9.7 Concepts Review
P 5. From the geometric series for 1 with X

1-Xx

1. integrated; interior 3
replaced by 5 X, we get

20 X - 2 3
2 3 4 5 1 :l+3_x+9i+27x+ :
2-3x 2 4 8 16
4 6 ) 2
3 1exls X radius of convergence 3
6
2 3 3t 6 ! —l{ ! JS'
4, 1+X+—+—+— : = 5o |-omcee
3 4 3+2x 3 1+5x
1
—=1=xxE = x4
I+x
Problem Set 9.7 11 |1 2x 4% 8% lext
3(1+2x) 3 9 27 81 243 ’

. . 1 .
1. From the geometric series for —— with X 3
1= radius of convergence —.
replaced by —X, we get 2
1
—:1—x+x2—x3+x4—x5+-~~, i . 1 .
1+x 7. From the geometric series for —— with X
radius of convergence 1. B
replaced by x4 , we get

5 d(i 1 ) 1 2
" dx __(1+x)2 L S D SR

1
+X 1_)(4
1 e = x — x4 s0 radius of convergence 1.
1+x
1 3 3 3 6 9 12
2:1—2x+3x2—4x3+5x4—~--; g X _xX|_1 | xX X X X°.
(I+x) 2-x3 21X ] 2 4 8 16
radius of convergence 1. 2
3
for [=—|<lor —32 <x<32.
31(1j‘11 L or [ <1or -7 <x<¥2
dxU1-x)  (1-x? dx| 1-x)% ) @a-x>
1 1 9. From the geometric series for In(1+ X) with X
o) 3 is — of the second derivative of replaced by t, we get
(1-x" 2 X 2o xtx%O
| j In(l+t)dt=— -+ -2 4 ;
—— . Thus, 0 2 6 12 20
1-x radius of convergence 1.
1 2 3
=143X+6X"+10X" +---;
3 ; 2 4 6 8
1=x) 10. J.Xtanfltdt:X——X—+X——X—+...;
0 2 12 30 56

radius of convergence 1.
radius of convergence 1.
4. Using the result of Problem 2,

X
1+ x)2
radius of convergence 1.

=x=2x2+3x° —ax* 450 -
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11 In(+x)=x—2+ XX 4 1ex<i
3 4
2 3 4
nl-x)=-x—>-X X 4 _1<x<l
2 3 4
1+Xx

In—— =1In(1+ x) — In(1-X)

1-x
3 5

=2X +2%+2%+ --+; radius of convergence 1.

12. If M :i+—x, then M—Mx =1 +x;
—X
.

+1

Mol=(M+ D x=M
M

‘M -1 <1 isequivalentto -M -1 <M-1<M+1or0<2M <2M + 2 which is true for M > 0. Thus, the natural

M +1

. . . . 7
logarithm of any positive number can be found by using the series from Problem 11. For M =8, X = r o)

5136 36) 36) -36) -+6)
In8=2|—|+—| = | +=|=| +=|=| +=|=| +—=| =] +
9) 3\9 509 7.9 919 11\ 9

~ 1.55556 +0.31367 + 0.11385 + 0.04919 + 0.02315 + 0.01146 + 0.00586 + 0.00307 + 0.00164 + 0.00089
+0.00049 + 0.00027 + 0.00015 + 0.00008 = 2.079

13. Substitute —x for X in the series for * to get:

X x> Xt X

e =X =T
21 31 4! 5!

R 4 6 5 47 9
14. xe* :x{1+x2+x—+x—+---]=x+x3+—+—+x—+-~-
21 31 21 31 4
15. Add the result of Problem 13 to the series for €* to get:
¢ a2
21 41 e!

e+e =2+

—+
2! 3! 4! 5!

a2 8x> J_4X2 8¢ 1ext 32x°
31

16. e —1—2x=—1—2x+{1+2x+7+—+

2 3 2 3 4 5
= 1—x+X——X—+-~- (1+x+x2+---) :1+X—+X—+3L+£
21 31 2 3 8 30

17. e*x~L
1-Xx

X. -1 x> % X ox X 2 x> xt 3
18. e"tan” X = 1+x+7+?+--- X——F+———+ | =X+X +?——+—+

tan~! x x. 1 X2 X ¥ x> X 2 X ooxt 3’
19. ——=e"tan” X=|l-X+———+ || X——F+———++ | =X X"+ —+—+—+--

eX 20 31 3 5 7 6 6 40
3
e T+ x+ 50+ 50+ . X2_E+47x4_46x5
1+1In(1+X) 1+X_x7+x§_... 6 24 15
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3005 7 3 5 7
21. (tan_lx)(1+X2+X4)= x—x—+x——x—+--- (1+x2+x4):x+2i+13—x—2gx
35 7 3 15 105
-1 XX 3 o5 7
gy, fam X XTEHESTE A 4 8 X
1+ x% +x* 1+ x% + x4 3 15 35
X 2 3 4 5 t
. . X X 11X
23. The series representation of 1sl+———+3———+-~, so [[=—dt=x+—x>——x* iX5—
1+x 2 3 8 30 01+t 6 12 40
-1 2 4 6 -1 3005 7
. . t X . x“ Xt X t t X XX
24. The series representation of an is l-——+———+--+, IX M Cgr=x—2y 2y
35 7 0 9 25 49
25. a. L:I—x+x2—x3+x4—x5+-~, soL:x—x2+x3—x4+x5—---.
1+X 1+X
X ¥ X xt X X—1+x) 1 x x> %
b. e =l+Xx+—+—+—4+—++, 80 ————=—F—F—+—++-
21 31 41 5! X2 2131 41 5!
203 4 5 2 3 4
XT X7 X X 4x°  8x” 16X
c. -In(l-X)=x+—+—+—+—+--, so —In(1-2X) =2X+—+—+——+
2 3 4 5 2 3 4
26. a. SinceL:1+X+X2+X3+X4+---, =12 x4
1-x 1-x2
b. AgainusingL=1+X+X2+X3+X4+---, ! —1=cos X+cos” X+cos> X+---.
1-X 1-cos X
2 3 4 4 6 8
¢ l-x=-x->X X . oml-x})=2-X X X and
2 3 4 2 3 4
2 4 6 .8
_lln(l_xz)zln 1 :X_+X_+X_+X_+...
2 1—x2 2 4 6 8

27. Differentiating the series for IL yields =14+ 2X+3X2 +4X 4+ multiplying this series by X gives
—X

(1-x)*

for—1 <x<1.

o0
= x+2%> +3x> +4x* +---, hence > =
(1-x%)? ai (1-x)?

=24 6X+12x2 +20%% +---. Multiplying this series by X

. L . 1 L
28. Differentiating the series for —— twice yields

X1 (1-x)°
gives - =2x+3-2x% +4-3%> +5-4x* +---, hence Y n(n+1)x" = 5 for—1 <x<1.
(1-x) n=1 (1-x)
-1 (*-1° x> X 1 x? ’
29. a. tan (X -1)=(*-1)- + = X e e X | 4
3 5 21 3! 3 2!
X2 %3
=Xt
2 6
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2! 31

2 3
el e
=14+ X+—F+—+ [+ —| Xt—+ | +—| X+—+--
21 3! 2! 2! 3! 2!
2 3 3 4 3
=1+ x+X—+X—+--- +i x2+2x—+--- +l x3+3x—+--- :1+x+x2+5i+---
21 3! 2! 2! 3! 2! 6

30. f(x)=a0+a1x+a2x2+-~:b0+blx+bzx2+---;
f(0)=2ag =by, so ag =hy.
f’(x):al+2a2x+3a3x2+-~:b1+2b2x+3b3x3+~--;
f'(0)=a, =by, so a =bh.

The nth derivative of f(X) is

+ ...

b. € =1+ 1)+

!
f(”)(x):n!an+(n+1)!an+1x+(n+2)'an+2x2+-~ :n!bn+(n+1)!bn+1x+(n+2) bmzx +-
f(M(0)=nta, =nlb,, so a, =b,.

23
31. X = X = 2 1 =— ! + ! =— 1+£+X—+X—+-~- +(1+x+x2+x3+~~-)
X2 —3x+2 (X=2)(x=1) x-2 x-1 -3 1-x 2 4 8
X 3x 7x (2”
2 4 _Z
XX
32. y'=-x +?—?+--- =-y, soy"+y=0. It is clear that y(0) = 0 and y’(0) =1. Both the sine and cosine

functions satisfy y”+y =0, however, only the sine function satisfies the given initial conditions. Thus,

y = sin X.

33. F(X)=XF(X)=X2F(X) = (fo + fix+ fx% + F53° +--) = (fox+ 3% + £, +--) = (Fx® + 3 + Fpx* +--)
= fO +(f1 — fo)X+(f2 — fl — fo)X2 +(f3 — f2 — fl)X3 + .-
= fo+(fi = fo)x+ D (fy— foy = fo o)X =04+ 3 (Fopn = fpg — f)x™2
n=2 n=0
Since fryo = frag+ frs frea — freg — fn =0 . Thus F(X)— XF (X)— X*F(X) = X.
X

F(X)=——
1-x—x?

34. y(x)=h+ix+hx2+kx3+Ex4+--~; y'(x):i+kx+&x2+kx3+---;
o 2! 3! 4! o 2! 3!
y"(x)=%+hx+kx2+m

1! 2!
(Recall that 0! = 1.)
] . f i T4 0 fi Hh o 52 fo i, B2
Y'(X)—-yY'(X)—y(x) = (EJFT)H?X +- a+Tx+Ex +ee = 0!+FX+?X +-

1 1 1
=5 (2= fi=fo) b (fy = o= Fx+—(fy = fy = )X+
Zi' ni2 — T = f)X" =0 since f,p = foyy + f,, foralln > 0.
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35. m=16 l—L+ L1 + ! —4L ~ 3.14159
5 375 15,625 546,875 17,578,125 239

o n! n! o . n'p . o
36. For any positive integer kK < n, both m and W are positive integers. Thus, since g <n, nle = e is a positive
: q

. n' n! n . . . e
integer and M =nle—nl-n !_5_; ————— — i also an integer. M is positive since

1 1 1 1
e—1-1———-.-— = + R

2! nt (n+hH! (n+2)!

1 . . s . 1 o
M < — contradicts that M is a positive integer since for n > 1, — <1 and there are no positive integers
n n
less than 1.
9.8 Concepts Review

f(k)(O)
k!

2. lim Ry(X)=0

N—oo

5
4, 1+=—Xx——x>+—x>
81
Problem Set 9.8
3 5 7
X X X
sinx X—3Fytasr—5rt x> 2%
1. tanx= = R R =X+—+——+
cos X X XX
1—2!+ , o+
sinh X X+ 4% ¢ X 2x°
2 t hX: = 32' 54' = _—t—
coshx 14X, x* o 3 15
21 41

. X x> x4 x> X , XX
3. e'sinX=|l+X+—F+—+—+.. (| X——F——.. | =X+X"+————...
2! 3
21 3!

2 3 2 4 345
- X° X X X X XX
4. e Xcosx:(l—x+———+...J{1—+—...] =l-X+————+—+...

2 4 2 3 4 2 3 5
5 cosxlnm):(l_x_+x__...][x_x_+x__x_+...]:x_x__x_+3x
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3 5 2 3 2 3 4 5
X X X X X X 7X X 19x
6. (sinX)Vl+x=| X——4+——. . || l+=——+——. . | =X+————————+..,, -1 <x<1
( ) ( RIS J( ] 2 24 48 1920

X . x? x> X x2 xt o2
7. "+ X+sinX=X+ 1+x+7+... +H X——+——... =1+3x+7+4—+ +

315! T
2
2 4 46 810 cosx—1+X7 1 2 x4
8. cosx—-l+—=——-——F—-——+...,80 ————=———+——...
2 41 6! 8! 10! x4 4! 6! 8!
1 2 4 2 3 4 5
9. —coshx:(l+x+x2+x3+...) 1+X—+X—+... :1+x+3i+3i+37—x+37—x+..., -1<x<1
1-x 21 4 2 2 24 24

-~ -~ 2 3 4
10. Ind+x) _-Ind+x) x XX A=x+x>=x3+x*=..)
1+X 1-(=Xx) 2 3 4

32 11x3 25x* 137%°
—_— + - +
26 12 60

=X+

e, 1l <x<1

1 1 1-x 1 ke
11. == > = 3(1—x):(1—x)Zx3”:1—x+x3—x4+---,|x|<1
T+X+%x°  T+x+x" 1=X 1-x n—0
12. = 1+sin X+ (sin X)? +(sin X)> +...
1—sin X

2 3 4 5
=1+ Xt ——. | F| X+ | [ X+ | H| X+ | H[ X——+. | +-
31 5! 3! 3! 3! 3!

305 4 5
=1+[x—x—+x——...}+(x2 —2%+...J+(x3—3%+...]+(x4—...)+(x5 —..)

31 5!
, 5 2xt 61X’ T
=14+ X+ X —tF—F—+.., |x|<—.
6 3 120 2

2
3.5 5 4 35 5
13. sin’ x = x—X—+X——... x—i+x——... = 2—2X—+... x—X—+X——... :x3—x—+...
3! 5! 3! 5! 3! 3t 5! 2

3 5 3 5 3 4
14. x(sin2x+sin3x)=x[{Zx—gL+32—X—...J+[3x—27—X+243X —...ﬂ=x(5x—353—)'(+..}=5x2—353—)'(+

3! 5! 3! 5!
3.5
15. Xsec(X2)+sinX: X +sinX:%+(x—%+%—...J
cos(X”) 1_%+%_ :
> X x> 61x°
=S| Xb—t. [F Xt | = 22X ———
31 5! 31120
2 4 2 3
16, 8% _cosxyaxy V2 2| 1o X X XX,
NI+ X 21 4! 2 8 16
x x> x> 49x* 85%°
=1-2-Z_ 2R 2 L al<x<1

2 8 16 384 768

2 3 4 5
17 (42 212X 30 X 3 X <x<d
28 16 128 256
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18. (1-x2)?3 =[1+(xHP"3 :1+§(—x2)—%(—x2)2+%(—x2 Sy =l “l<—x*<lor-1<x<1

19. fMx)=eX foralln. f(1)=f'0)=f"1)=f")=e

e* :e+e(x—1)+%(x—1)2 +%(x—1)3

2
20. f(ﬁj:l; f'(ﬁjzﬁ; f"(EJ:_l; f"’(EJ:__:;; SinleJrﬁ(x_EJ_l[X_ﬁJ N2
6 2 6 2 6 2 6 2 2 2 6) 4 6

2 3
21. f(Ejzl; f'(ﬁjz—ﬁ; f”(zjz—l; f"’(zjzi; COS X zl——s(x—zj—l(x—ﬁ) +£(X—Ej
3) 2 3 2 3 2 3 2 2 2 3) 4 3 12 3

22 f(ﬁjzl; f,(ﬁjzz; f”[ﬁj:“; fm(%j:m 26. Let f(x):Zanxn be an odd function

4 4 4 (f(-x) = —f(x)) for X in (-R, R). Then a, =0 ifn
b )’ 8 ) is even.
tanx =1+ 2()( - Z) 2 ( X= Zj * E(X - Zj The derivative of an even function is an odd
function and the derivative of an odd function is
23. f(1)=3; f')=2+3=5; an even function (Problem 50 of Section 3.2).
f")=2+6=8 f"(1)=6 Since f(X)= Z:anxn is an odd function, f'(x)

1452 433 =34+ 5(X= 1)+ 4(x—1)2 + (x=1)} is an even function, so f"(x) is an odd function,
o ) () hence f"(X) is an even function, etc. Thus,
This is exact since 4/ (x)=0 forn > 4.

f (n)(x) is an even function when n is odd and an

24. f(-1)=2+1+3+1=7, odd function when n is even.
f'(-)=-1-6-3=-10; By the Uniqueness Theorem, if f(x) = Zanxn,
f'(-)=6+6=12; f"(1)=-6 (M (0)

then a, = If g(x) is an odd function,

nt
9(0) =0, hence a, =0 for all even n since

2-x+3%% = x> =7-10(x+ 1)+ 6(x+1)> = (x+1)°

This is exact since (™M (x)=0 forn > 4.
f (n)(x) is an odd function for all even n.
25. The derivative of an even function is an odd
function and the derivative of an odd function is 1

2\1-1/2
an even function. (Problem 50 of Section 3.2). 21. \/72 =[1+(t7)]
Since f(X)= Z:anxn is an even function, f'(X) -t 3 5
is an odd function, so f”(X) is an even function, =1 *E(*t2)+§(*t2)2 *E(*tzf +eo
hence f"(x) is an odd function, etc. 2 3t st
Thus (" (x) is an even function when n is even =1 SR e
and an odd function when n is odd. - . x 1 d
By the Uniqueness Theorem, if f(X) = Zanxn, us, sin - X= NS t
Q) 2 ad 26
then a, = f (0). If g(x) is an odd function, - J‘X 1+t_+3t_+5L+... dt
nt of 2 8 16
g(0) =0, thence a, =0 for all odd n since
My 5 - £ o35 st7 |
fY/(x) is an odd function for odd n. =t 4
6 40 112

x3 3> 5x/
=X+—+—F+—+---
6 40 112
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1 4 8 12 16
28. =(1+t?)71/2 29, cos(x})=1- X X X
\/1+t2 21 41 6! 8!
1o 3 .22 5 23 x4 x8 x'2 xl6
=l-—t"+—-(t")" ——(") +--- L s 2 42
SE L) () jcos(x ydx = j TRy dx
2 4 o6
UL L S NERNCERNE 7 !
2 8 16 I SV S S S S
1 10 216 9360 685,440 0
Thus, sinh ™' (x) = [ ———=dt

0. [, :2
1+t =1- 1 L S S ;_...~090452

10 216 9360 ' 685,440
x£1t2 34 st6 ]dt

3/2 5/2 7/2 9/2
. X X X X
30. sinvVX=+/X-— 3 + - + —-...

5! 7! 9!

3/2 5/2 7/2  ,9/2
0.5 . 0.5 X X X X
jo Sln\/XdX:IO (\/x— 3 + - + —...jdx

5! 7! 9!

0.5

2 5, 2x82 2xT2 ax02 g yll2

=|=x-= += -= += -
3 5 3t 7 50 9 70 11 9!

—3(0.5)3/2 71(0.5)5/2 +L(o.5)7/2 7;(0.5)9/2 +;(0.5)“/2 —...~ 022413
15 420 22,680 1,995,840

31. l=;=1+(1—x)+(l—x)2+(1—x)3+..-=1—(x—1)+(x—1)2—(x—1)3+...
X 1-(1-x)

for—-1<1-Xx<1,or0<x<2.

32. (1+ x)l/2 =1+1X—1X2 +Lx3 —ix4 +Lx5 -
2 8 16 128 256

(l—x)m:l—l o Lo 504 T s

X——X" —— - -
2 8 16 128 256
o £(n)
so f(x)=2-—x%— St oy On
64 o N
Note that f(n) (0) =0 when n is odd.
4) (51)
Thus, f 4'(0) = _% and %:0, ) f(4)(0):_%4!:—% and f(Sl)(O) =0.
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242 2.3 2.4
33 A f(X) =14 (xxl)s ZEXDT X xexT)”
2! 3! 4!
:1+(x+x2)+%(x2+2x3+x4)+%(x3+3x4+3x5+x6)+%(x4+4x5+6x6+4x7+x8)+
3 7% 25xt
6 24

Thus 20 _ 25
41 24

o ¢(Nn)
_$ 100

!
n=0 n!

so f®(0) NESUTEPYS
24

. sin?x sin>x sin? x
b. f(X)=1+sinx+ + +

3! 41 7
2 3 4

x> 1 x° 1 x> 1 x°
=1+ X——F. || X——+. | += [ X——+...| + X——+...

3! 2 3! 6 3! 24 3!

3 4 2 4 w0 ¢(N)
OT VSRS R (e S S S +l(x3—...)+i(x4 ) =1+X+X——X——...=Zf () yn

3! 2 3! 6 24 2 = ol

4)

Thus, 4‘() Do t®0)=—L1a1= 3

t4 16 8 5 t4 6 8
c. eV l=—I4| 14t +—+—+—+ =t"+—+—+—+
21 31 4! 21 31 4!
2
et -1 2ttt
SO =l+—+—+—
t2 2 6 24

2 4 6 3.5 X 3.5 w £(N)
f(X)=J.X UL M VT UL S :x+x—+x—+...:z f ©) yn
0 2 6 24 6 30 0 6 30 !

_ o) =
us, 1 0 so f*/(0)=0.

2 3
d. e“’sx*l:1+(cosx71)+(COSX D +(COSX D +

2! 3!

2 3
x> x4 1 x> x4 1 x> x4
=1+ ——t——.. |+= | | =t | +
21 4! 21 2! 4! 6| 2! 4!

x> x! 1 x* 1 xb x*
S () [RATEIRARE, (P (AR, PR AR [ § f .
2 24 2| 4 ol 3 St
o ¢(N)
Hence f(X):e_EX2+SX4—..,:Zf (O)Xn
2 6 n=0 n!

)
Thus, f—f(»:% so £4(0) =§4!:4e.
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e. Observe that ln(cos2 X) = In(1 —sin? X).

2
.2 x> X 2 xt 2x6
sin“ X=| X——+——+++| =X"——+——--:

315! 3 45
. 4 . 6
IMLﬂmzmz—ﬁﬁX—ﬂ%l_ﬂ%l_m

345 2 3 3 6 45
o £(n)
Hence f(X):—x2 —lx4 _£X6_.._: z f (O)Xn
6 45 = nl
(4)
Thus, @O = Lo 1@ 0y= L= 4.
41 6 6
34. secx= :a0+a1x+a2x2+... sO
Ccos X

2 3 4 x*  x*
I=(ay +yX+a X +a3X” + X +..)| |l -——+——...

2 24

a |2 ar .3 Q  d .4
=ag+aX+|a —— | X |y —— X+ Ay ——=+—= | X" +....
%1(22j [32j (4224]

d &l Q
Thus =g =0,ap——=0,a—=0,ay —=+—=0, so
2N 1 277 375 4o,

—la—Oa—la—Oa—i
q=La =0,8 B =t =

and therefore sec X :1+lx2 +ix4 +...
2 24

sinh X
cosh X

35. tanhXx = =a0+a1x+a2x2+...

so sinh X = cosh X(a, +a1x+a2x2 +...)

6 120 2 24
=a)+aX+ a2+@ x2+[a3 +ijx3+ a4+a—2+ﬂ x* + a\s+3+i X+
2 2 2 24 2 24

a 1
Thus a) =0, 3 :1,a2+%:0,a3+?1=g,

3 5 2 4
X X 2
or x+—+—+...={1+—+—+...J(a0+a1x+a2x +)

ay +a—2+&:0,a5 +i+ﬂ:—, so
2 24 2 24 120

a9 =0,a=La, =0,a3 = —%,a“ =0, a5 =% and therefore

fanh X = X—+x3 + 2 x5 — ...
15
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36. sechx= :a0+a1x+a2x2+...

cosh x

so 1=cosh x(a, +a1x+a2x2 +...)

2 4
x> X 2
or l=|1+—+—+... +aX+ar X +...
[ 2 " oa j(ao 1 y) )
a
—agtaxt] a2 a3 e+ 2+ 20 [ pfa e B A S
2 2 2 24 2 24
& g A a3 g
Thus, ag =L a; =0,| ap +— |=0,| a3 +— |=0,| ay +—=+—|=0,| as+—+—|=0, so
% =54 (22j (32) (4224j (5224j

a=La =0, a :—%, a3 =0, a4 :%, as = 0 and therefore

sechX:1—1X2+ > x* -
2 24

37. a. First define R;(x) by

Ry (x) = f (%)~ f(a)— f (@)x—a) "(a)(x a)’ - '"(a)<x a)’
For any t in the interval [a, X] we deflne

" m _ 4
a(t) = F ()~ FO)— f (x—t)— m( o fm(x % F@(x)%

Next we differentiate with respect to t using the Product and Power Rules:

g't)=0-f'(t)—[-F'®)+f "(t)(x—t)]—%[—Zf "(O)(X—t)+ f "'(t)(x—tﬂ

" 4(x— t)
—3—[ 3t x =12 + F @ tyx—t) }+ R3(x)( o
@
__ P00’ e 00 X2 0’
3! (x—ay*

Since g(x)=0,9g(a)=R3(X)—R3(x) =0, and g(t)is continuous on [a,X] , we can apply the Mean Value
Theorem for Derivatives. There exists, therefore, a number ¢ between a and X such that g'(c) = 0. Thus,

4) _ )3 3
P00 1 x)*=0)

0=g'©)=———7, oy

which leads to:

£(4)
Ry () = (-2’

b. Like the previous part, first define Ry, (X)by

f " a f(n) a

Ra0= 00 (@)= f(@(x-2) - (x-a)* == D"
For any t in the interval [a, X] we deﬁne

"t f(n) t X —t n+l
90 = 100~ 10— £ Ox- - x-p? - - Oy -g e

(x-a)
Next we differentiate with respect to t using the Product and Power Rules:
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g't)=0— f (O —[~F©)+ f "(O)(x-1)] —%[—2 Ft)(x—t)+ f "(O)(x—1)> ] -

(n+1)(x t)

n+1

—i[—nf(”)(t)(x—t)”*hr £ (y(x )" J+R (X)
n! a)

(n+1) _
LA OIS P DR, 0 X"
n l ( a)n+l
Since g(Xx)=0,g(a) =R, (X)—R,(x)=0, and g(t)is continuous on [a,X], we can apply the Mean Value
Theorem for Derivatives. There exists, therefore, a number € between a and X such that g'(c) =0. Thus,

f D () (x —c)"

0=g'(c)=— ' +(n+D)R, (x)(X—C?1+l
n! ( a)
which leads to:
_ f(n+1)(c) n+l
Rn(x)—w(x—a)
38 a Fori( j e hm( p jxnﬂ{plxn i [q[ 22D (P +D(p =) p(p-D...(p—n+D)
- n—e|\N+1 n N || (n+1)! n! |
= tim [x| B0 =)

Thus f(X)—1+Z( j x" converges for |X|<1.

n=1

b. Itis clear that f(0) = 1.

Since f(x):1+2[st”, f’(x):Zn[ijnl and
n=1

n=l1

N Pl n1_xo| [P Ploni|_1[P)o, <[P P |on
(x+l)f(x)_nZ=‘in(x+l)(an _Zinx (njﬂl(njx }_l[ljx +n§{n[nj+(n+l)(n+lﬂx

“(:}““*”(nilj:“ P(P=D-..(p=n+D) |\ P(P=D)...(p=N+D)(P=N)

n! (n+1)!

=L{0p(p—1)...(p—n+D)+ p(p—1)...(p-n+1(p-m)] = ELE= l)"r‘lfp‘”+l)[n+pn]=[2jp

and since (p] p, (1+x)f'(x) = p+z p[ij“ = pf(X).

n=1

’

c. Lety=f(x), then the differential equation is (1+X)y’'= py or y__P .
y

1+ X

jﬂzjidx:nnM: pinfi+X+Cy or y=Ca+x)P so f(x)=C(1+x)".
1+x

Since f(0)=C(1)P =C andf(0)=1,C=1and f(x)=1+x)".
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0 ift<o0 . S
> 41, sinX=X—-—4——-—+...
a3 ift>0

. )=
39 © { 6 120 5040

12t ift>0’

0 ift<0
f(t) = at iF120° 5 5%
toaft= 43. 3sinx—2expX=-2+X—X e

) = ) 3o Y

24 ift=0 3sinX =3X——+-————+
] ) o ) 2 40 1680
hm+ £ (t) =24 while lim f*(t)=0, thus 3
0 =0 Dexpx=-2-2x-x2 -2 ...
£ (0) does not exist, and f(t) cannot be 3

3
25X

represented by a Maclaurin series. Thus. 3sin X —2expX = 24 X—x2 -2 _...
Suppose that g(t) as described in the text is s P 6
represented by a Maclaurin series, so

) 0 ift<0 W23
') = 42. expx=1+x+7+?+~--

o (N 4 6
2 Zg )
g(t):a0+a1t+a2t +...= Ttn for all 44. eXp(X2)=1+X2+X7+X?+"'
n=0 :
2, 03?2 ¢)

2
exp(X*)=1+X"+——+——+---
p(X*) 3 p

tin (-R, R) for some R > 0. It is clear that, for
t <0, g(t) is represented by

g(t)=0+0t+ 0t +.... However, this will not x4 x0

represent g(t) for any t > 0 since the car is =1+ +7+?+ e
moving for t > 0. Similarly, any series that

represents g(t) for t > 0 cannot be 0 everywhere,

so it will not represent g(t) for t < 0. Thus, g(t)

cannot be represented by a Maclaurin series.

~1/h? 1

40. a. f(0)=lim S—— = lim —"_
h—»0 h h—>Oel/h

h ~1/h?

= lim =0 (by I’Hopital’s Rule)

2
_ 23 VX xx0
x=0

SO
~1/h? 2 4
4 2
£"(0) = lim = lim - = lim "
h—>0 h* h—0 gl/h*  h—0gl/h

= lim 4 > =0 (by using I’'Hopital’s Rule
h—0 el/ h

twice)

c. If fM (0) =0 for all n, then the Maclaurin
series for f(x) is 0.

d. No, f(x) # 0forx = 0. It only represents
f(x) at x=0.
e. Note that forany nand X # 0,
-1/x?
R(x)=e VX",
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2 4 5
45. sin(expXx—1)= x+X775L723_X,...

24 120
2 X3 X4
eXpX71: X — b — ...
2 6 24

3 5
. 2 X xt X% 1 x> % 1 X2
sinexpX—1)=| X+—+—+—+—+... |- — | X+—+—+... | +—| X+—+...| —-
2 6 24 120 6 2 6 120 2

2 X xt ¥ 1| 3 axt 5%’ 1 5
= X+—+—+—+—+ |——| X +T+—+--- +— (X" 4) =

2 6 24 120 6 4 120
¥ X xr X X xtosx x> x> sxt 23’
= X+—+—F+—F+—+.. || —F—F+—F+. | —F | =X ——— —— —+
2 6 24 120 6 4 24 120 2 24 120
2 4

X X
46. exp(sinX)=1+X+————---
p(sin X) 5 g

. X
SINX=X——+——-
6 120

2 3 4
. XX 1 x> 1 x> 1 x>
exp(sinX) =1+ X——+——+ |+ =| X——F | +=| X——F | +—| X——F+| +--
6 120 2 6 6 6 24 6
x> X 1{ - x4 1| 3 x> 1| 4 2x°
=]+ X —mF— e [ X e — e [+ X —— e | — [ X e e
6 120 2 3 6 2 24 3
X x> x4 x> X x* x6 x> x4
=]+ X——F— [+ ———F e[| ———F e || ———F e |+ =X F— ——— ..
6 120 2 6 6 12 24 36 2 8

47. (sinX)(expX) = X+ X° +X_,’3‘_0,...

(sinX)(exp X) = x—£+£—--- 1+x+ﬁ+£+ﬁ+~--
P 6 120 2 6

X3 X5 2 X4 X6 X3 X5 X4 X6 X5 X7
= X——+—+ |+ X ——F— || ———F |+ ———F || ———F |+
6 120 6 120 2 12 6 36 24 144
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9.9 Concepts Review
1. f(1); (), £ ()

f (6) (0)
6!

3. error of the method; error of calculation

4. increase; decrease

Problem Set 9.9

1. f(x)=e* f0)=1
f/(x)=2e2% £'(0)=2
f7(x) = 4e>X £"(0) =4
f(x)=8e** £ 0)=8
f®(x)=16e2* H(0)=16

3,2 .4

3+Ex4 =1+2x+2x2+ix +—X
41 3 3

f(X)z1+2X+iX2 +§x
2! 3!

£(0.12) = 1+2(0.12) +2(0.12)> +§(0.1z)3 +§(0.1z)4 ~12712

2. f(x)=e>* f(0)=1
f/(x)=-3e% £'(0)=-3
f"(x)=9e* £"(0)=9
f&(x) =27 13 (0)=—-27
f@x)=81e7* @ (0)=81

f(x) z1—3x+2x2 —£x3 +Ex4 :1—3x+2x2 —2x3 +£x4
2! 3! 4! 2 2 8

£(0.12) ~ 1—3(0.12)%(0.12)2 —%(0.12)3 +%(0.12)4 ~0.6977

3. f(x)=sin2x f(0)=0 4. f(x)=tanx f(0)=0

f'(x)=2cos2x f'(0)=2 f’(x)zseczx f'(0)=1
f"(x)=-4sin2x f"(0)=0

f 3 (x)=-8cos2x 3 (0)=-8
f®(x)=16sin2x fP©0)=0

f"(x) =2sec’ xtanx f"(0)=0

f(3)(x) =2sec* x+4sec? xtan? X

£30)=2
FO0~2x— D3 cax 23 @) 4 2y tan3
(X) = 2x 3'X =2X 3X fY(x) =16sec” Xtan X +8sec” Xtan” X
f@0)=0

£(0.12) ~ 2(0.12) —%(0.12)3 ~0.2377

f(x)zx+£x3 :x+lx3
3! 3

f(0.12) ~ 0.12+%(0.12)3 ~0.1206
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5. f)=In(1+%)  (0)=0 8. f(x)=sinhx f(0)=0
F(x)=—— £'0)=1 £/(x)=coshx f'(0)=1
I+x £7(x) = sinh x f"(0)=0

f'(x)=— f"(0)=-1 f"(x)=coshx f"(0)=1
(1+2X) F@ (x) = sinhx @ (0)=0
f(3)(x):—3 100 =2 FX) % X4 = xt L
(1+X) () = X4 20X =X+
C P S C) P 1
Rty L) 0 =-6 (0.12)0.12+(0.12)° 0.1203
f(x)~x——x2 — 3—Ex4 X _
210 310 4 9. f(x)=e f(l)=e
=x—%x2+%x3 —%x“ fro=e* f'h=e
1 { { f'x)=e* f'(I)=e
£(0.12) » 0.12—=(0.12)* +=(0.12)> ——(0.12)* " "
(0.12) S (012742012 £ 0.12) f700 = (0= o
~0.1133 P3(x):e+e(x—l)+§(x—l)2+%(x—l)3
6. f(x)=1+x f(0)=1
' _1 -1/2 ’ _1 . T 2
f (X)_E(I-FX) f (0)—5 10. f()():s]n)(f[zj:7
" 1 3/2 " 1
f'"(xX)=——(1+X f"0)=——
() 4(+ ) © 4 f'(x) = cos X f'(%)zg
3 B 3
fOx=21+x7"2 f&0)=2 NN
8 8 f”(X):—SinX f"(zj:—T
15 _ 15
f(4)(x):—g(1+x) 7/2 f(4)(0):—g N
f"(x)=—cosx f"| =|=-22
! 3 15 4 2
f) ml+—x—2x2+8x3 1044
27 210 31 4 5 h 5 ,
:1+lX—lx2+Lx3—ix4 P3(X)——+—[X—Ej——2(><—£)
27 8" 160 128 22 4) 4 4
I Lo _ﬁ(x_ﬁ ’
f(0.12)z1+5(0.12)—§(0.12) T 2
1 3 5 4
+—(0.12)> ———(0.12)* ~ 1.0583
16 128 11. f(x) =tan x; f[ﬁj:—3
6) 3
" f(x):tanflx 10 =0 f’(X)—se<:2X' f'(nj_él
f1(x) = £/0)=1 6) 3
1+x°
2% f”(X):ZseczxtanX; f"[EJ:%
f'=-——=55  f"(0)=0 6) 9
1+x
6(2 2) f"(x) = 2sec? X+ 4sec? x tan? X ; f”’(%):%
" X" — m
t00)=——5= f"(0)=-2 \
(1+x7) N 4[ Y 8( m
—24x3 +24x P3(X)__+3 “6) 9 (UTs) Tal* s
tWo0=""—7 f®©0)=0
(1+x7)

f(x)~ x—zx3 = x—lx3
3! 3

f(0.12) ~ o.12-§(0.12)3 ~0.1194
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12, (= seex: f(Ejzﬁ 16. f(0=x*; f2)=16
4 fro0=4x3; £(2)=32

’ _ . T — " "
fF'(x)=secxtanx; f (Zj—ﬁ froo=12x"; £"(2)=48

fOx)=24x; 13 (2)=48
f"(x) = sec® X +sec X tan” X ; f"(zjz%ﬁ 9 @)

4 fHx)=24; t@©2)=24
f"(X) = 5sec’ Xtan X +sec X tan® X ; P, (X) =16 +32(X—2) + 24(x — 2)?
f’”Gj:n\/E +8(x=2)> +(x-2)*
=x*= f(x)

P3(x):x/§+\/§(x_§j+¥(x_ﬂz
+@(X_E)3

6 4

17. f(x):ﬁ; f(0) =1

—_—

F)=——7; F(0)=1
(1-x)
et Ly _T
13. f(X)—cot X5 f(l)—z f”(X): 2 3; f"(O):Z
1 | (1-x)
f'(x)=- ; F)=-——
1+x2 2 f(3)(x)=( 6) f3w0)=6
1-X
2X 1
') =——=; f'h)=-
(1+x%)? 2 FW=—24 . 1@ (0)=24
w6242 =%
f (X):—2 35 f"1)=—— ™) n! o
1+x7) 2 f (X):W; 7 (0)=n!
-X
n 1 1 2 1 3
Py(X) == ——(X—1)+—(X—1)% ——(x—1) |
. 4 2 4 12 f(X)zl+X+£X2+£X3+...+&Xn
2! 3! n!
14. f(0)=x; fQ2)=+2 =1+ X4X2 4% .+ X"
f’(x):%x‘”z; f'(z):g Usingn=4, f(x)~1+x+x>+x> +x*
a fO0.1)~ 11111
f”(x):—lx‘”z; f”(2):—£
4 16 b. f(0.5)~ 1.9375
" _3 -5/2 . 4 _3\/5
f(X)—gx ; f@)—g c. f(0.9)~4.0951
P3(x):\5+g(x—2)—g(x—z)2 d. f(2)~31
18. f(x)=sinx; f(0)=0
+£(x2)3 f'(xX)=cosx; f'(0)=1
f'"(x)=-sinx; f"(0)=0
15. f()=x>—2x>+3x+5; f(1)=7 fOx)=-cosx; fO0)=-1
f/(x)=3x> —4x+3; f'(1)=2 fBx)=sinx; F@@0)=0
f'"xX)=6x-4; f"1H=2
(3()) 3) @ When n is odd,
f0=6; f7(1)=6 -X~X_X3+X5_X7+...+(_1)(n_1)/zxn
Py(X) = 7+2(x=1)+(x=1)> + (x—1)? TR TRNET) n!
_ _ay2 3 3 5
=3+3X=20 4 = 100 Usingn =5, Sin X~ X— o 2
3t 5!
a. sin(0.1) ~ 0.0998
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b. sin(0.5) ~ 0.4794 23. \ 15 /

c. sin(l)~0.8417

d. sin(10) ~ 676.67

19.
20.
21.
22.
5L
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29 [e+e720|<|e |+ |55 < e 41 87 100 =In(2+x); £'00 =——:
e 2+X
f'"(x)=-— ; O = ;
30. |tanc+secc|S|tanc|+|secc|£l+\/§ ) 2+x)? & 2+x)°
6 24
f(4)(X)=— . f(S)(X — .
4c ; ;
31, |2 :||, || T“—zfn 2+x? 2+x)°
smc SiInc —=
3 120 720
2 1O =———2 1D=—"—
A (2+x) (2+x)
4c C 4
32. :| | Z= 720 - x’
c+4| |c+4| 4 6()— x| = -
70 2+c)’ 7(2+c)
7
e° 4 05 -6
3 || L& |R6(0.5)| < ~8.719x10
c+5 Jc+5]7 3
_a X, ’ _ _a X
y cOSC |cosc|<l 38. f(x)=e"; f'(X)=-¢
" le+2 |C+2|_2 £ () = e ifniseven
—-e* ifnisodd
2 ‘c +s1nc‘ ‘c2‘+|sinc| -C 7
c” +sinc _ _
35. sin |— < R6(X):e_(x_1)7:_u
10lnc | [10Ing] 10Inc] 71 50406
16+1 17 (- 05) 7
= 0m2 10In2 |R6(0.5)| < W~9.4O2x10
2 _ ‘ ‘ 2 —any FDyy—_
36, |6 ¢ _\/—‘ ‘ (lj 1 39. f(x)=sinx; ' (x)=-cosx
cosC |cosc| 2 2 7 c(x 7I)7
—cosC T —COoSC{X—4
B SR L
= (Note that ‘X —X‘ is maximum at — 7! 4 5040
7
cos0.5(0.5-2 ‘
[o.714]) R (0.5)| < (05-3) ~2.685x1078
‘ 5040
40. f(X):L; f'(X):_ 2; f”(X)Z X f(3)(X)=—L4; f(4)(x): 24 5;
X=3 (x-3) (x-3) (x-3) (x-3)
f(s)(X)=— 1206, f(6)(X)= 7207; f(7)(X)=— 50408
-3) (x=3) (x-=3)
Y
RG(X)zi_L‘rOS _17:_%
T (c-3) (c-3)
7
IRs (05)|_|(05 D UOZ |z3.052><10_5
[a-3* | | 2*]
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. . . . 1 .
41. If f(x) = %’ it is easily verified that 45. This is a Binomial Series ( p = 5 ), so the third-order

Maclaurin polynomial is (see section 9.8, Thm D

n
(n) (=D"n! _ 2 3
)= (n+D) - Thus for a=1 and example 6) Py(X)=1+— XX X— ; further,
2 8 16
Re00==CD herecish d1 —5x*
6(X)=— g~ where Cis between x and I . Ry(X) =———— . Now if xe[-0.5,0.5] and ¢
128(1+c)/
0.5) is between 0 and X , then
Thus, |Rg(0.5)| = , where c € (0.5,1) . VI
l+c>05andx* <| = | =— so that, for all X,
(0.5)7 2 16
Therefore, |R6(0.5)| £—8:2 !
(0.5) S(E) 53
|Rs (%)] < —=—_~0.0276
128052 23
42. If f(x)— , it is easily verified that
X
46. f(x)=(1+x)>"? f(0)=1
_n" |
f(n)(x):Ln;l)'. Thus for a=1 3 ; 3
x(1+2) f’(x)=5(1+x)1 2 f'(0)_5
D781(x=1)7  —8(x—1)’ .
R¢ (x) = = , Where C is " 3 _ y 3
509 7¢° KR F'00=20+%) 1zt ==
between X and 1 . Thus,
0. 5) 100 =-3a+02  fr0)=-2
R (0.5)| = , where ¢ € (0.5,1). 8
f(4)(x)=i(l+x)’5/2 f<4>(c)=3(1+c)*5/2
8(0.5)7 16 16
Therefore, |Rq(0.5)| < =32 3 3.
(0.5) A+x> 2 21+ 2x+2x2 ——x°
278" 16
c 3 _
43, Ry(X)=—x™! Ry =2 (l+0) > 2x
(n+1)!
Note that €' <3. [Rs(0)] < (0 9)>/2(=0.1)*| ~3.05x107°
[Ra(D)] < - +1), »
47. f(x)=(1+X) f(0) =1
<0.000005 or 600000 < (n + 1)! when
(n+1)! (n+ Diw f’(x):—%(l+x)’3/2 f’(O):—%
n>o9.

44. To find a formula for f (n)(X) (and thus for R, (X)), 4 4

.. 15 _ 15
is difficult, but we can use another approach: From £ x)= ,_(1 +X) 772 £ 0)y=——
section 9.8 we know that 8
K+l 2k—1 4) -9/2 (4) -9/2
» k+1 1 x’1/2~1 1x 3x2 5x3
alternating series.(because of the (—1)*" and the (1+%) Y +§ 16

fact that all powers are odd) for all x €[—1,1]. Thus,

by the Alternating Series Test,
2(n+1)-1
4| |

R3(x)=13—5(1+c)’9/2x4

|Ry (x)| < D and so |R, (1) <

we want |Rn (1)| <0.000005 , we set

4 . ~ B
- Since IRy (x)| < (0 95)/2(0.05)*| ~ 2.15x107°

<0.000005, which yields n >399,999.
2n+1
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51. Assume nis odd; thatis n=2m+1for m>0.
£ ™) () L 2m+3
(2m+3)! '

1+ X

48. f(X)=In (l—j f(0)=0
—X
Then, Rn+l (X) = R2m+2(x) =
Note that, for all m,
(4m) e (4m+1) _
£7(x) = 4X22 £7(0) =0 f4 (ZX)—smx,f 4(x)3—cosx
(1-x7) f4M+2) () = —sin x, f#™(x) =—cosx;

Fx)=—2
1

41+ 3x2
f(3)(X)=(§+—2)3) tP0)=4 therefore, Ry (X)) =(2LSC3)' 23 \where ¢ is
—X m+53)!
f(4)(x) _48x(1+ Xz) (@ ©=0 between 0 and x . For x €[0, %], c (0,x) so
a-x2)* i
) A that cosc <1 and x <— ; hence
£65) () = 38010x7 +5x) s
X% - [ j .
X)| < —=———. Now, for
£0)(¢) = 48(1+10c? +5¢*) R (0] < 2m+3)!
1-c?y =
k=23,...,2m+3, 2<= sothat
1 (H_XJ ~2X+ 2 X3 k 4
1-x 2m+3
2[1+10¢2 +5¢* | s IRt (0] < L<£(£ el
R4(X)=§ W X 2m+3)! 24
T
2[1+10(0.57 +5(0.5)* x€[0,51. Now
IRy (x)] < N 5) 2m+2
(1-(0.5)7) T(w
—| = <0.00005 =
~0.201 214
cosC s (2m+2)In (Zj <In (wj =
49. R4(x)= —X 4 T
>! 2m+22>42.8666 =>n=2m+1>42
0.5)" 5)
|R4(X)| = 0.00026042 < 0.0002605 52. Assume nis even; thatis n=2mfor m>0.
0.5 . : £2M+2) ¢
jo sin xdx ~ jo (x—gx )dx Then, Ry, (X) =Ry (X) = (2m—+2()')x2mJr2 .
1, 1 4 0.5 Note that, for all m,
:bx —ax L ~0.1224 f(4m)(x):cosx, f(4m+1)(x)=—sinx
Error < 0.0002605(0.5 — 0) = 0.00013025 f(4M+2) (%) = —cos x, M3 (x) =sinx;
50. Rs(X) cosC 6 therefore, |Rn+1(x)| =(2LSC2)'X2m+2 where C is
. 5 = — m+ .

1 between 0 and x . For x €[0, %], c (0,x) so
[Rs (%) <— ~0.001389 .
6! that cosc <1 and x <— ; hence

2m+2
2 24 U
R —~=— Now, for
x3 X5 1 | n+1( )| 2m+ 2)'
= X——+—| ~0.8417 7
6 120 =~
0 k=23,...,2m+2, 2<= sothat
Error < 0.001389(1 — 0) = 0.001389 k 4
2m+2
( ] (7 2m+1
R —<— — for all
[Ros1 (9] < (2m+2)! 2[4)
XE[O,%]. Now
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(7 2m+1
—(—j <0.00005 =
2\ 4

2m+1) 1{%} < ln(wj =

T
2m+12>42.8666 = n=2m> 42

53. The area of the sector with angle t is %trz. The

area of the triangle is

l rsinl 2rcosl =rzsin£cos£=lrzsint
2 2 2 2 2 2

A:ltr2 —lr2 sint
2 2

Using n =3, sint zt—%t3.

Axtit2 Lp2(p 1)L 23
2 2 6 12

54, m(v)= m°2; m(0) = my
1-

o‘<
(38

mw)=—" . m0)=0

3/2°
2 v?
C 1——2
c

2 2
2mgVv- + c
0 0 . mrr(o) é)

5 5/2° c
4 \"
c 17—2
C

The Maclaurin polynomial of order 2 is:

2
lmo 2 My (V
mv)~mg+——VvV- =My +—| — | .
(V) = mg 2 & 0+

m’(v) =

r 12n
55. a. ln(l+—j =In2
12

12n1n(l+Lj=1n2
12

In2

12ln(1+r)
12

Instructor's Resource Manual

b. f(x)=In(1 +x): f(0)=0
P =——: t(0)=1
1+Xx

0=
(1+x)

2
X

Inl1+X)~ X——
n(1+ Xx) 5

In2 24
n=~ = In2
12 [r@4-n

24

In2 In2
=—+
r 24—r

~ 1n_2+h1_2 ~ 0693 +0.029
r

r 24
We let 24 — r = 24 since the interest rate r is
going to be close to 0.

f"(0) =1

C. r n (exact) n(approx.) n (rule 72)
0.05 13.8918 13.889 14.4
0.10  6.9603 6.959 7.2
0.15  4.6498 4.649 4.8
020  3.4945 3.494 3.6

56. f(x)=1—e 1% f0)=0
f/(x) = (1+k)e X £10) = (1+k)
f7(x) = —(1+ k)2 e HOX . £700) = (1+k)?
2
1—e X o (14 k)#%xz
For x = 2k, the polynomial is

2k —4k> —2k* ~ 2k when k is very small.
1—e~(1#0-0D(002) & 4 019997 ~ 0.02

57. f(x)=x*-3+2x% +x-2; f(1)=-1
f/(x)=4x> —9x> +4x+1; f'(1)=0
f7(x)=12x> —18x+4; f"(1)=-2
) =24x-18; D=6
fHx)=24; tW)=24
fOx)=0
Since ) (x)=0, Rs(x)=0.
xt 233 +2x% +x-2

= 1= (x=1)? + (x=1)° +(x=1)*
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" m (n)
58. P,(x)=f(a)+ f'(@)(x—-a)+ ()(x a) + ()(x a)3+~~-+ n'(a)(x—a)“
s @) f "(a) 2 ™ (a) -
P(x)—f(a)+ o) 2(X—a)+———= 3 3(x—a) +---+ ' n(x—a)
! n
[ " f m(a) 2 f (n) (a) n-1
=f'@)+ f"@x-a)+——=(x—a)" +---+ (x—a)
21 (n-1)!
P(a)=f'@)+0+0+--+0=f'(@)
" m (n)
P' =0+ f"(a)+ (a)z(x )+ +z (IE)"‘)(n—l)(x—a)”‘2
()
= f"a)+ f "‘(a)(x—a)+-~+w(x—a)”_2
(n=-2)!
R =f"@)+0+0+--+0=f"@a)
fM(a
A0 =D x-a = 1@
R (@ =" ()
59. f(x)=sinX: f(%):% 60. 63°:§+%radians
) 2 Since f(M(x) is +sin X or +cos X,
f'(X)=cosX; f(ZJZT nal
S IR < (n+1)'[x_§j
f(x) = —sin x; f”(£J=——
4 2 n+l1
(el
O ()= cosx f(3)(£j V2 "(3760)| " (n+1)1L 60
) i . n+1<00005 hen n > 2
f(4)(X)=sinX; f(4)(C):SinC (n+1)! 60 - when = 2.
o M W .
3 =7 "% radians f(X) = cos X ; f(gj:%
2 2wy 2L R
Slnx=7+7(x—zj—7(x—zj f’(X):*SinX; f’(gj:?
3
1
1_\/25()(%) + Rz (X) f"(X)=—cosX; f”(gj:—a
2 2
Sin[z_lj:£+£[_ij_££_ij cosx:l_ﬁ(x_ﬁ)_l(x_lj +R3(X)
4 90 2 2 90 4 90 2 2 3) 4 3
3 2
_ﬁ T LR cos63°zlf£ LI I 3 ~ 0.45397
3
120 90 4 90 2 2160) 4160
~0.681998 + R, "
1 1 (n
. 4 4 10 -5
61. |[Rog(X)|<—Xx " <—| —| =2.5202x10
| 3|=SI4L'C[_%j <%[9—ng ~6.19x107 [Ro) 10! 10!(2) *
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62.

63.

64.

. 1 1 sinc
a. SlIlX:X—gX3-|-—X5 ——X6

120 720
sin X— X+ X—; 1 sinc 1
lim ————=lim [——X) =—
X—0 x> x—0\ 120 720 120

b cosx=l_tyx2 i 4 1 6, sinC 7
27 247 7200 5040

2 4
cosX—1+X X
lim 2 24 —

X—0 x6

. ( 1 sincC j 1
lim| ——+——X|=———
x—=0\ 720 5040 720
The kth derivative of h(X)f(x) is
k . .
Z(}‘)h(”(x) £ KD (x). If h(x) = X!

i=0
h® (x) = (n+1)! -
(n+1-i)! '

Thus fori<n+1, h"(0)=0. Let
q(x) = X" f (x). Then

k . .
S ORS Y IOTIOR
i=0

fork<n+1.
g =p 0+“ 0, s0
9“0 =p"©0+q“©0=p"

fork<n+1.
The Maclaurin polynomial of order n for g is
(m
D(0)+ p'(0)x + p2(0) 2.+ P '(O) N which
n

is the Maclaurin polynomial of order n for p(x).
Since p(X) is a polynomial of degree at most n,
the remainder R, (X) of Maclaurin’s Formula for
p(X) is 0, so the Maclaurin polynomial of order n
for g(x) is p(X).

Using Taylor’s formula,

()= f(c)+ F'(C)(x—c)+ f;('c)(x—c)er...

0)
o (C)(x ¢)" + R, ()

Since f'(c)=f"(c)=f"(c)=...= fM(c)=0,
f(x)=f(C)+Ry(X)

B f(n+l)(a)
Ra(X)= (n+1)!

between X and C.

(@)(x—c)"! where a is
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1. False:

@) Since f™D(x) is continuous near c, then

f (™D (a) <0 when a is near c.
Thus R,(X) <0 when X is near C, so

f(x) < f(c) when X is near c. f(C) is a local
maximum.

(ii) Since f™1(x) is continuous near c, then

f (™D (a)> 0 when a is near c.
Thus R,(X) >0 when X is near C, so

f(x) > f(c) when X is near C.
f(c) is a local minimum.

Suppose f(x)= x4, f(x) > 0 when X > 0 and
f(x) <0 when x> 0. Thus x =0 is a local
minimum.

f/(0)= f"(0)=f"(0)=0, f®(0)=24>0

9.10 Chapter Review

Concepts Test

If b, =100 and a, =50+ (~1)" then
51 ifniseven

49 ifnisodd ’

0<ap, <hy, forallnand

lim b, =100 while lim a, does not
n—oo n—oo

exist.

since a, :{

2. True: It is clear that n!<n". The inequality

nt<n" <(2n-1)! is equivalent to

n
< =D
n! n!

Expanding the terms gives

m 123 noin
g(n+1)(n+2) ----- (n+n-1) or
nn
n-—-—--- —=<(+D)(n+2
237N (n+D(n+2)-
~(n+n-=1)
The left-hand side consists of n— 1
terms, each of which is less than or
equal to n, while the right-hand side
consists of n — 1 terms, each of which
is greater than n. Thus, the inequality

is true so n!'<n" <(2n-1)!
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3. True: If lim a, =L then for any £>0 8. False: {(_1)n} and {(_1)n+1} both diverge

n—o
there is a number M > 0 such that but

|an - L| <¢ foralln = M. Thus, for {(_l)n +(_1)n+1} _ {(_1)n(1_1)} = {0}
the same ¢, |a3n+4 - L| < ¢ for

converges.
M — .
+4 > >
3n+4 > Mornz - Since & 9. True: If {a,} converges, then for some N,
was arbitrary, lim asn,4 = L. there are numbers m and M with
e m<a, <M foralln > N. Thus
4. False: Suppose a, =1 if n=2k or n =3k m én an <M foralln > N. Since

where k is any positive integer and

a, =0 if nis not a multiple of 2 or 3. {m} { } both converge t0 0,
Then lim ay,, = hm a3n =1 but n
n—o a
lim a, does not exist. {—n} must also converge to 0.
n—oo n
5. False: Let a, be given by ©

1
10. False: (-)" — converges.
2 @

a 1 ifnis prime
"o ifnis composite

Then ay,, =0 for all mn since m>2, ap =(-1)" \/ﬁ SO an =— and Z—
hence lim ay, =0 form>2. .
n—>co diverges.
nh_r)r:o  does not exist since for any 11. True: The series converges by the
M > 0 there will be a,'s with a, =1 Alternating Series Test.

since there are infinitely many prime S1=2,5 =8 -2,5 =8 ~& +a,

numbers. S4=a —ap +az —ay, etc.
. 0<a2<a1:>0<a1—a2252<a1;
6. True: Given &> 0 there are numbers M;
O<ay<ay =>-ap<-ap+a3<0 so

and M, such that |a2n—L|<£ when 0<aj—a,<a -8 +8; =S <a;

n>M; and [ay.; —L| <& when 0<a, <a;=0<ay—ay <as, sO
nz M2‘ Let M =maX{Mla MZ}: —h <—dt+az3—ay <—a) +a; <0,
then when n > M we have hence
|a2n*|_|<€ and |azn+1*|_|<8 SO 0<a1—a2<a1—a2+a3—a4:54
lan —L| < & forall <a;—a, +a; <a; etc.
n > 2M+ 1 since every kK > 2M + 1 For each evenn, 0 <S,_; —a, while
is either even (K = 2n) or odd for each odd n,n>1, S, | +a, <a;.
(k=2n+1).
1 1 12. True: Forn > 2 1.1 o)
7. False: Let a, :1+5+---+—. Then ' ’ ~ 7 n2
- 2626
—| < — | which
Ay — Ay =——— SO
n ~9n+l N+l o\ n o\ 2
lim (8, —a,,;) =0 but lim a, is converges since it is a geometric
n—o nN—o0 1
© series with r =—
not finite since lim a, = Z—,
n—o — Kk o0 n
k=t > LI R S S
which diverges. “(n R Y R smee

all terms are positive.
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4

® 1\N ® 1\ ® 1\N n* +1
Z(_j :1+Z(_j 31+Z(—] 18. False: Since lim - =0, there is some
ni\ N n—2\N n—2\2 n>wo e
s 1 . 1 . number M such that e" > n* +1 for
4 8 " alln = M, thus n>In(n* +1) and
o n-1
:,l+ [lj :71+% l<+ for n > M. Hence,
2 =\ 2711 N in(n® +1)
0
=_l+2=§ l —— - andso
“ N 5 In(n? +1)

diverges by the

MS ] MS

Sn(n* +1)

1<S< 3 <2 Comparison Test.
2
o 19. True: Z le
n=2 (Nlnn)

13. False: Z (D" diverges but the partial
n=1
sums are bounded (S, =—1 foroddn

n 1
+
Lnln n) (nln n)z}

and S, =0 for evenn.)

1 1
nzi n(ln n)2 " n’ (In n)2 }

14. False: 0< L l for all n in N but z
n> n 1 n’ 1 . . .
n= is continuous, positive, and
il =Ny | di X(In x)
converges whtle nz—:l_ 1VETges. nonincreasing on [2, o). Using
N 1
u=Inx, du=—dx,
. an4 . . X
15. True: p = lim —— =1, Ratio Testis w1 w 1
n—o ap J' . dx= — du
inconclusive. (See the discussion 2 X(In X) In2 ;2
before Example 5 in Section 9.4.) 17% |
:[——} =0+——<® so
1 u In2 ln 2
16. False: —>0 forallnin N and "
n
converges.
| = n(lnn)?
Z —2 converges, but 5
n=I Forn > 3,Inn>1,s0 (Inn)* >1 and
2
. a
lim 2040 = i — 0, ﬁ<% Thus
n—o dp  Noo(n+ 1) n“(In n) n
. n" 1 ‘ 2
17. False: lim (1——) =—#0 so the series n=3N (1n ”) n=3 n?
n—oo n e
cannot converge. z 3 converges by the
a3 n?(Inn)?
Comparison Test. Since both series
converge, so does their sum.
20. False: This series is
21 1 1 .
> =14+—+—+--- which
2n-1 35
diverges.
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21. True: If 0<ap, 190 by forall nin N, then 26. True Since a, =0 foralln,

Z an ) Zan also i‘(—l)nan
n=1

o0
= Z a, so the series

n=101 n=l1
converges, since addlng a finite © N
number of terms does not affect the Z (-1)"a, converges absolutely.
convergence or divergence of a series. n=1
22. True: If ca, >— forall nin N with ¢ >0, 27. True: SEM =S =
n | n=1 N na n
= i 1 1 1 1
then a, > - forallnin N so B I R S —0.01
100 101 102
o0 e8] 1 o8]
D an Z— =— z which
ol pcnoocion 28. True: Suppose Z|an| converges. Thus,
. . 2|a , an|+4a
diverges. Thus, Z a, diverges by the Z | ”| COnVEIEes, 5o Z(| n | i n)
n=1 converges since 0 < |an | +a, < 2|an|.

Comparison Test. But by the linearity of convergent

series Zan = Z(|an|+an)—2|an|

2 3 0 n
1 (1 1 1
23. True: —+ (—j + [— +...= Z [—j converges, which is a contradiction.
3 13 3 \3
o n1 11 29. True: |3—(=1.1)| = 4.1, so the radius of
1(1 3 3 1 L
=233 =T 12 % the convergence of the series is at least
n=1 "3 3 4.1.
sum of the first thousand terms is less |3 - 7| =4 < 4.1 sox =7 is within the
than l interval of convergence.
30. False: If the radius of convergence is 2, then
24. False: Consider the series with the convergence at X =2 is
(_1)n+1 independent of the convergence at
a, =——— . Then =-2.
n
(_1)2n+1 _ 31. True: The radius of convergence is at least
(-H)'a, =~—"—=— 50 1.5, so 1 is within the interval of
n n convergence.
i(_l)”a :_1_1_1_... which | 0 o Nl !
" 23 Thusj foodx=| Y
; 0 o N+l
diverges. = 0
[o0)
. an
25. True: If b, <a, <0 forallnin N then = Z N+l
0<-a, <-b, forallninN. n=0
o % 32. False: The convergence set of a power series
z —bn = (*1)2 by which converges may consist of a single point.
n=1 n=1
OO 33. False: Consider the function
since z b, converges. -+
n=1 f(x)=48 © X#0,
Thus, by the Comparison Test, 0 x=0
i The Maclaurin series for this function
—a, converges, hence . -
b represents the function only at X = 0.
o0 o0 1
> ap =(-)Y (-ay) also 34. True:  On(-1,1), f(x):l—
converges. £1(x) = —[FOOP.
( x)’
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< (D™ o d ok, x

35. True: D ————=e", —e X+e =0 Sample Test Problems

o n dx

. KOW lim ———

36. True: P(x)= f(0)+ f'(0O)x+——= 5 n—ow /9n +1 n—>oo /9+ L
37. True: If p(x) and q(x) are polynomials of The sequence converges to 3'

degree less than or equal to n, o rea

satisfying p(a) = q(a) = f(a) and . Usmg I’Hopital’s lliule,

P @ =" @)=t ) for im0 g 290

k < n, then p(X) = q(X). ’H‘D \F e m e
38. True: f(0)= f'(0)= f"(0) =0, its second = lim —=0.

order Maclaurin polynomial is 0. = I
39. True: After simplifying, Py(x)= f(x). n n/aY}

. 4 . 4 4
lim|1+—| =lim||1+— =e

40. True: Any Maclaurin polynomial for cos X n—w n n—a n

involves only even powers of X. 4

The sequence converges to €” .

41. True: The Maclaurin polynomial of an even

function involves only even powers of _n+l ) n+1

X, s0 f'(0)=0 if f(X) is an even nt1 = Ta” thus for n >3, since 3 >1,

function. apy] >, and the sequence diverges.
42. True: Taylor’s Formula with Remainder for

n=0is f(x)=f(a)+ f'(c)(x-a)
which is equivalent to the Mean Value
Theorem.

. Let y:Q/ﬁ:nl/n then lnyzllnn.

1
Inn nooo 1
fim S1nn = fim 22" = Jim 2= fim £ =0 by
n—ow N n—owo N n—wol nown

using I’Hopital’s Rule. Thus,

lim Un = lim e™Y =1. The sequence
nN—o0 n—o0
converges to 1.

1/n
1
lim —=0 while —=| — . As n— o,
o % (3)
l—>0 SO
n

1/n 1/n 0
lim (lj = lim [lj = [lj =1.
n—w | 3 %—)O 3 3

The sequence converges to 1.

. 2
sin“ n
n = 0; lim <lm——0
nN—o0 \/_ n—>oo\/_

The sequence converges to 0.

. The sequence does not converge, since whenever

n is an even multiple of 6, a, =1, while

whenever n is an odd multiple of 6, a, =—1.
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bl A )

1 .
J =1. The series converges to 1.

1 1

n—o n—m[
10. Sn: 1_1 + l_l + l_l l_ 1 — +l____,
1 3 2 4 T n+l n n+2 2 n+l1 n+2
lim S, = lim SN :i .The series converges to —
n—o0 n-wol2 n+1 +2 2 2

11, 42t + —ilnl—i[lnnfln(nﬂ)]
' 304 77 =+l Ao

s =(n1-In2)+(In2-n3)+...+(n(n-1)—Inn)+(nn—In(n+1)) =Inl-In(n+1)=In——r

As n—>OO,L—>0 so lim S, = lim lnL:_oo.
1 n—o N+1

n+ n—oo
The series diverges.
1 ifkiseven x> x* x8
12. coskn = S0 17. S AT AT AT
{—1 ifk is odd oSX= = T e T
z coskm = Z (-=1)" which diverges since l-—+———+--- converges to
21 41 6!
k=0 k=0
o cos2 = -0.41615.
1 ifniseven
Sy = o so {S,} does not
0 ifnisodd . x X2 x3
converge. 18. e :1+1—!+2—!+¥+ , SO
1 1 1
k 2 _ _ —ela
® © (] 1 o l-—+——— = 0.3679
_ _ 121 31
13. Z Z[ 2) —1_L—6271~11565 120 3
k=0 k=0 o2
n
. 1 19. Let a, = and b, =—
since —2<1. N 4n? n
e ) .
.4 .
‘ hmb—n:hm 5 = lim — 1:1,
n—ow n—owl4n n—oo — +
14. Z :32[ j :%:6 " n?
k=0 k=0 1-5 0<1<oo,
w » K By the Limit Comparison Test, since
Zi:42[lj :_4 =6 n
S* &) -l an _Z diverges, Zan _Z‘{Hn also
Since both series converge, their sum converges d1ver os "
t06+6=12. ges.
n+5 1
o k 20. Let a,=—— and b, =—
15, Yoif L | =L 92190 g 0L "en® " n
— 100 1--L 99 99
k=l 100 a n® +5n? 1+2
lim - = lim ;= lim - n_1;
The series converges since 100 <1. now b, now 14n n—>o0 n—3+1
0<Il<om.
By the Limit Comparison Test, since
o0

1.
n2” an—z > converges, Zan—z n+5

0 1 k
16. z (Ej diverges since 2

also converges.
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21.

22.

23.

24,

25.

26.

217.

28.

Since the series alternates, >0, and

1
f In+1
lim — =0, the series converges by the

n—o \/_

Alternating Series Test.

The series diverges since

lim —— = lim 37" =1,
n»>o3 now

=[L—1J+[L—1J=I+3=4
1 1-3
2 4

The series converges to 4. The 1°s must be
subtracted since the index starts with n = 1.

- lim n+1 ..n — lim n+1
P e e(n+1)z 'enz now| pe2n+!

1
+ =4
= lim { n J =0 <1, so the series converges.

N—soo e2n+1

n+1 1
=— =0, so the series diverges.

lim
n—w10n+12 10

1

Let 8, =—— and b, =——.

n%+7 n3/2
2
. a . . 1
lim 2 = lim = lim =1;
n—oo Oy n—oo n2+7 n—><>01+l2

n

0<1<om.
By the Limit Comparison Test, since

D by = ZW converges (E > 1),
n=1 n:ln
o0 o0
Z = Z also converges.
p = lim (n+l) + n—+1:0<1,so
n—>c0 (n+1)! n' n—w| n
the series converges.
a3t pi3n |
p = lim +
nowo| (N+2)! (n+1)!|
3
3 1+l ‘
soen?| R

_nl—>oo|n (n+2)| n—)oo‘ 1+ 2

The series converges.

Instructor's Resource Manual

29.

30.

31.

32.

33.

34.

2™+ 2"nt |
p = lim
nom| (N+3)!1 T (n+2))
— gim 20D 5 oy
n—w| N+3

The series diverges.

n
lim [1 —lj = é # 0, so the series does not

n—oo n
converge.
2(2 n+l
N (G € I [ R
P Nn—>o0 n2(;)n n—o|3 n2
3

2 .
=3 <1, so the series converges.

1
1+In(n+1)’

Since the series alternates,
1+Inn

and lim =0, the series converges by the

n—wol+Inn
Alternating Series Test.
1 1
ay = )
3n-1 3n-1

> SO 8y > Ay
3n+2 n = o

lim a, = lim =0, so the series

n—ow n—oo 3N —
P -
ot 3n

Series Test.

converges by the Alternating

1
Let b, =—, then
n

an n . 1
lim — = lim = lim =—;
noob, nsw3n-1 n-sw3 —% 3

1 - . .
0< 3 <o, By the Limit Comparison Test, since

z Z— iverges, z a, = Z also
n=1 nel o onaon-

dlverges.
The series is conditionally convergent.

o= li (n+1) L lim (n+1)
nN—o0 2n+1 2” n—o0 2n3
3
1+1
= lim ( “) L
n—w 2

The series is absolutely convergent.
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n n n+l n
35. 382%(§j; 37. p=lim |— —- ;‘ |
o8 98(2 e N
n n
3
lim 18(3) :%lim (E] =00 since E>l. = Tim |X n"+1 ~ |
naooz 2 2 n—oo 2 n—oo (n+1)3+1

The series is divergent. L
verg When X = 1, the series is

X o0
36. Let f(x)=£, then 25 ‘1+Z <1+Z— which
In x o’ +1 o’ 41 o’
1 s WL/ % converges.
fl(X)=—2 —2(1—11'1X)11’1X— ( )
(Inx)“| x When X = —1, the series is Z which
x1/x on +1
=" [Inx—(nx)*>—x], forx > 3, Inx>1 o
2 .
(xIn x) converges absolutely since Z converges.
2 . . n=on” +1
so (Inx)” > Inx hence f(X) is decreasing on The series converges on—1 < x < 1.
n
[3, ). Thus, if 8y =——, ap > ay,;. n+2,n+l n+l N
-2
" % o I(; : .<2)3|
0 n+ n+
Lety=%=nl/n,so Iny=—Inn. n—> |
: Ay " = lim |2X| n+3 |2X| |2X| <1 when
Using 1’Hopital isule, et n+s
tim 2 fim 2 = fim L= 0, thus L |
nso N nsol nowon ) 2"
n
1 .
lim ¥Yn = lim ™Y =e® =1. Hence, lim n When X =—, the series is
n—o0 n—o0 n—o InN 2
n nel (1)1 o (=2\"
isoftheforml ) lim£=0. 2 (2) (2) < (2)(2)
o0 nN—o0 ln n Z 2n 3 - Z 2
. X =0 + a0 2n+3
Thus, by the Alternating Series Test,
= C)"Un Z 2~ 2 2 2
Z—lnn converges. = o2n+3 M Tone3 43 2n+s
n=2
0 n+1
1 1 QF < Un a, >ap.; lim =0 so 2007
Inn<n,so H>H hence Z:z 2H. n n+l> Nesoo 2N + 3 nZ::‘) oNn+3
n
= o w0y converges by the Alternating Series Test.
e Un Sn ; 1 .
Thus if Z . diverges, Z n also diverges. When X = ——, the series is
n=2 n=2 2
Un 1 n oD
Let a, :£ and b, =—. Then i —2)n+]( l) & (—2)(_%) o 2
n n > -3 o Y
a n=0 2n+3 n—o 2n+3 2n+3
lim = = lim ¥Yn =1 as shown above; > 1
n—wby  now an = , let by == then
© ® 2n+3 n
0<1< . Since Z b, = ZH diverges, im 2 lim 2n ~ lim 2 1
n=2 n=2 nowoby now2n+3 now2+ 3
0 Q/ﬁ n
z — also diverges by the Limit Comparison ) © X1
ne2 0 <1< hence since Z b, = z- diverges,
* n n=1 n=t "
Test, hence Z —— also diverges. ® 9 © )
a Inn Z o and also — Z diverges.
The series is conditionally convergent. n=0 n=0
. 1
The series converges on - <Xx< 5
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=™ (x=4)"|

When x = 1, the series is

39. = lim : n n
Pl ne2 n+l1 2(2) i () ; lim =120
02" +1 a1+ (1) Mo re(l)
n+1 2 2
= lim |X 4| |x 4| |x 4|<1 when o
n—o so the series diverges.
3<x<5. The series converges on 1 <X < 5.
When x =5, the series is
1
"N & 2 o lim (4D D™ nix "
Z z T ' n+l n
- N+l n—o N+1 n—w 3 3
1 1 1 . |x+1
a. = ; > , SO @p >an.; = lim |—{[n+1| = unless x=-1.
" n+1'n+l" n+2 n oo n—c In+1
- The series converges only for X =—1.
(-1
lim —= z converges by the
n—o N+1 1 ) N
Alternating Series Test. 43. 1+ x =l=x+Xx"=x"+... for-l <x<1L
When X = 3, the series is 1
> "t & 1 If f(x)= , then f'(x)=- . Thus,
Z( ) D =Y ——. ay=—o, let 1+ (1+x)?
o N+l non+1 n+1
- - 1
1 a n differentiating the series for —— and
by, =— then lim = lim —=1; 0<l<o 1+X
n o by nsen+l multiplying by —1 yields
R -l o 1 1 243 :
hence since » b, = » — diverges, . =1-2X+3X"—4x +---. The series
Z{ " Z;n & nZ::‘)nH (1+x)?
also diverges. converges on —1 <X <1.
The series converges on3 < x < 5.
4, L XX e for—1 <x<LIf
|3n+1 3n+3 3n 3n| 1+ X
40. p= 1 2
naoo| (B3n+3)! (3n)! | f(x) = ,then f"(x)=
1+X 1+x)°
= 1im |3 ‘ 1 - 1
n—o |(3n +3)(3n+2)(3n+1 | Differentiating the series for —— twice and
I1+x
The series converges for all X. o .
dividing by 2 gives
3 (x_3) 13 @3~ L5 a3 1o
i e lim|(xnj) ) | R U (L
noo| 2741 T 2" 4 |
=1-3x+6X> =107 +--- .
= lim |x— 3’|| |X 3 : X~ 3| The series converges on —1 <x < 1.
n—oo ‘24— L ‘ 2 2
2 305 7 2
when 1 <x<5. 45, sin?x=|x_ X XX .
When X = 5, the series is 3r 57!
0 n 0
D nz = ! —: lim =120 _e Xt
=02+ =014 (1) 1L 345 315
so the series diverges. Since the series for sin X converges for all X, so
does the series for sin® X .
3 4
46. If f(x)=¢€*, then f(M(x)=e*.Thus, e* =e+e?(x— 2)+ (x 2)? + L(x= 2)° + L(x= 2+
2 3 4 5
47. sinXx+cosX=1+X-— _X +X—+X——~~

21 31 41 s

Since the series for sin X and cos X converge for all X, so does the series for sin X + cos X.
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1 . . . . .
48. Let gy = and define f(x)= 5 then f(k)=a, and fis positive, continuous and non-increasing
9+x

9+k?

A
(since f'(x) . <0)on [l,0) . Thus, by the Integral Test, E, < I »_1 dx = lim Ptan_1 5} =
(9+x%)? n94x? A—>® 31,

1A an! ﬂ} 7 e ™ Now Z—Ltan 11 <0.00005 = n > 3[tan(3(1—0.00005j)} ~ 20,000 .
3 3076 30 3 6 3 6

1{ . _ 1
—| lim tan —
3

A—

k X . o . . . .
49. Let gy = 7 and define f(x)= — ; then f(k)=4ay and fis positive, continuous and non-increasing (since
X
€ €

1-2x2
2
eX

F'o) = 2 2

A
<0)on [l,0) . Thus, by the Integral Test, E,, < .[:Oidx = lim {— ! } =
eX A—o 26X

n

2
l[— lim — ! } L Now ——<0.000005 = e" > 50,000 = n® > In(50,000) ~ 10.82 = n>3.

2 2 2 2=
2| Aot 9N 4e" 4e"
50. One million terms are needed to approximate the sum to within 0.001 since ! <0.001 is equivalent to
vn+1
999,999 <n.
51. a. From the Maclaurin series for %,wehave 13:l+x3+x6+---.
—X 1-x
. .. 1 1 5 1 3 5 4
b. In Example 6 of Section 9.8 it is shown that V/1+X =1+—=X—=X"+—X" ———X" ++-+ S0
2 8 16 128
\/1+x2:1+lx2—lx4+--~
2 8
2 3 4 5 2 3 4
e e Xoloxs i XX X soeXolax= XX
21 31 41 5! 21 31 4!
. . . . x2 sxt 61x®
d. Using division with the Maclaurin series for cos X, we get secx =1+ 5 + T+ o +
3 5
Thus, XsecX:X+X—+5L+~~.
2 4
X . X2 X3 X X x , X
e. e sinX=|{l-X+———+ | X——F———+ | =X—X"+——---
21 3! 31 st 7! 3
3o X 1 2
f.  1+sinx=14+X——+———+---; Using division, we get —=1-X+X"—--.
3t 507! 1+sin X
52. f(x)=cosx f0)=1 53. f(0)=0
£ (x)=—sinx fD0)=0 f /() = cos® x—2x% sin® x
f(z)(x):—cosx f(z)(O):—l f'(0)=1
) p(x) = x; p(0.2) =0.2; £ (0.2) =0.1998
P =1-2
.. 2 2
(0.1)

Thus, cos(0.1) =17 = =1-0.005 = 0.995
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54. a. f(x)=xe¥ f(0) =0 58. 1O (x) = s Ry() = - (x-1y° .
frx)=eX +xe* f/(0)=1 (x+1)° c+1)°
fr(x)=2e" +xe* f"(0)=2 IRy (1.2)] = (02 < 027 _ 0.000005

1O =3¢ +xe*  13(0)=3 CONNOK

O =4e"+x* 1D 0)=4

59. f(x)=l(1—0052x) f(0)=0
» 1.3 1 4 2

f(X) = X+X +5x +gx £/(X) = sin 2x £(0) =0
f(0.1) ~ 0.11052 f"(X) = 2cos 2X f7(0) =2
3 . 3
b. f(X) = cosh x f0) =1 tD=-4sin2x  1P0)=0
f'(x) = sinh x f'(0)=0 f ) (x) = —8cos 2x f@0)=-8
P =coshx  17(0)=1 tOm=16sin2x  130)=0
3 (x) = si 3 () -
P () =sinhx £(0) =0 fO(x)=32c0s2x O (c)=32c0s2c
£ (x)=coshx f#(0)=1
sin? Xzixz —Ex4 =x? —lx4
4 210 4 3

f(X)zl+lX2 +ix
2 24 32 6
IRy ()] =|Rs (x)| = a(cos 2¢)X

2 6
f(0.1) =~ 1.0050042 < 4—5(0.2)

—6
55. g(X)=x —2x>+5x-7  g(2)=3 <2.85x10

9'(X) =3x> —4x+5 g'(2) =9 60, 10y~ "n!

0"(x) = 6x 4 9'(2)=8 N
3 3
gV (x) =6 gV @) =6 Ry 0] - ( _ED
Since g (x) =0, Ry(X) =0, so the Taylor n+1)ch!
polynomial of order 3 based at 2 is an exact 0'2n+1 (0'25)n+1
representation. < o™ = n+1)
n+ .
g(X) = Py(X) =3+9(X—2)+4(x—2)% +(x-2) ( nzl
&< 0.00005 when n>5.
56. g(2.1) = 3+9(0.1)+ 4(0.1)% + (0.1)> =3.941 (n+1)
1 1 61. From Problem 60,
57. f(X)=—— f(h)==
=3 =73 1nxz(x71)7%(x71)2+%(x71)3
por 1 i 1
f (x)——(x+1)2 Fh=-7 —l(x71)4+1(x71)5.
2 1 6
f” X) = f" 1 - 02
(x) (x+1)° 0= IRs(x)| = —=—<4.07x107°
8°
6 3
f(3)(x):—— f(3)(1):__ . (b 2 1 3
(x+1)4 3 Io.glnXdXNIo_g (x—l)—E(x—l) +§(x—l)
4 24 4 3
f )(X):W f )(1):Z —l(X—1)4 +l(xl)5}dx
11 1 )
f(x)z———(x—l)+—(x—1) (x 1) ——(x 1) + (x 1)
LIV 1 1.2
( )+ 5 (x= )* __( _1)+ - 1)}
0.8
~—0.00269867
Error <(1.2-0.8)4.07x107 <1.63x107°
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Review and Preview Problems 5. Since we are given a point, all we need is the
slope to determine the equation of our tangent
2 line.

1. f()=""sothat f'(x)==and f'2)=1 )
4 2 dle ¥yl _d (1)
a. The tangent line will be the line through the dx 4 dx
point (2,1) having slope m = 1. Using the point y dy
slope formula: (y—1)=1(x-2) or y=Xx-1. 2X+E&:0
b. The normal line will be the line through the ydy - ox
. . 1 . 2 dx
point (2,1) having slope m= 1 —1. Using ﬂ _ —4x
the point slope formula: (y—-1)=-1(x-2) or dx vy
y=—X+3 or X+y=3.
At the point [—g,l] , we get
2
X X
2. f X)=Yy= —_—, f ! X)=—
(0=y=7 0= gy —4(—372)
a. The line y = x has slope = 1, so we seek X ax = -1 =2n3= Moy

such that '(x) =1 or x=2. The pointis (2,1). Therefore, the equation of the tangent line to the

X 3o
b. Since f'(x)= 5 is the slope of the tangent curve at _7’1 is given by
. . 2 2 .
line at the point (X,X%) S~ will be the slope y—1= zﬁ(x_[_gﬁ
of the normal line at the same point. Since y =X
has slope 1, we seek X such that y—1= 2/3x+3
—gzl or X=-2. The pointis (-2,1). y=23x+4
X
9 6. Since we are given a point, all we need is the
3. Solving equation 1 for y2 : y2 =9 —Exz and slope to determine the equation of our tangent
line.
putting this result into equation 2: P
_+_(9__x = dx{ 9 16 ) dx
9 16 16
) ) 2x ydy
175x =1008 x“ =576 x=x24 ?_gazo
Putting these values into equation 1 we get y dy 2x
V2 =92 (576)=9-324=576 s0 y=+2.4 8dx 9
16 . . . dy 16x
also. Thus the points of intersection are ix = oy
(2.4,2.4), (-2.4,2.4), (2.4,-2.4), (-2.4,-2.4) y
At the point (9, 82 ) , we get
4. Solving equation 2 for y2 : y2 =9—x* and dy 16(9) b
X2 X2 &:98\/5 :Ezﬁ:mtan
putting this result into equation 1: o 9 =0 ( )

5 Therefore, the equation of the tangent line to the
Thus x=0 and y“ =9, y=+3. Thus the points curve at (9,8@) is given by

of intersection are (0,3), (0,-3)
y—842 =+2(x-9)

y—8x/§=\/5x—9x/§
y=v2x-+2
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7. Denote the curves as 8 |t | X = 2 cost | y = 2sint |
22 2 2 '

CI:X——i—y—:l and C2:X——y—=l 0 2 0
100 64 9 27
a. From C,, 3x* —27 = y* and so, from C /6 3 1
. From C,, 3x“ —27 = y“ and so, from C, ,
s 2 5 : /4 2 V2
16X~ +25|3x° —=27)=1600
( ) 7 /3 1 NE)
91x? = 2275, x* =25, x =45 7/2 0 2
y2 =3(25)-27, y* =48, y=+43 z -2 0
Thus the point of intersection in the first quadrant 37/2 0 -2
is P=(5,43). 27 2 0
b. Slope m; of the line tangent to C; at P: 28 l
Cl,: i'ﬁ‘ly 0, y ——16X SO Iy :_ﬂ 1.5 4 .
50 32 25y 15 =
The line T; tangentto C;at Pis e:_ -
YNE) .
T (y—4ﬁ)———(x 5) or CO I T
43 x+15y =803 4
Slope m, of the line tangent to C, at P: iy
b2, 2 3x ’T
C,: =x——y' =0, "=Z— so .
2 9 27 yy y y 2.5
15 53 Note that
m2 ==, 2 2 _ 2 3 2 —
43 4 X" 4y =(2cost)” +(2sint)” =
The line T, tangentto C,at P is 4(cos’ t+sin’t) =4
f so all the points will lie on the circle of radius 2
Ty (Y=Hf3)===(x=5) or 53x-4y =93 that is centered at the origin.

c. To find the angles between' the tangent hn.es, you 9. By the Pythagorean Theorem, 12232142 o
can use problem 40 of section 0.7 or consider the )

sing=>-2, 0 =sin"1(0.6) =36.9°
72 r 5

Tl

. P 10. By the Pythagorean Theorem, r>=22+5% or
@ " r=+4+25 =\/E Since
g2
sinezzzi, 0= (L) 21.8°
Note that r 29
a+p2+(180—- 1) =180 or a=p1-p£2;
further 11. Since the triangle is an isosceles right triangle,
x=yand x> +y> =8% Thus 2x> = 64 and
p1=180—tan"'|m;| =180~ tan ™" 3]sy y Y
15 x=y=+32=4/2
_ 53
2=tan"'my =t 65.2
p o 2 =tan ( 4 J 12. Since sinzzl,l:l or y=6. Further
6 212 2
Thus « :(1.55.12—6%.12. =90 bso thf:ftag%ent htr.les X2 + y2 —122 or x2 =144-36=108 .
are perpendicular is can be verified by noting
L 15 153 53 Hence x = /108 = 61/3 .
that — = =m,
m o 43 12 4
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